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"Der Weg ist das Ziel" 

Bierdeckel im Cafe Pendel 
Bonn, ca. Mai 2004 

0. Introduction (Snapshots from an Expedition) 

0.1. Where we came from. Let F :— k{{T)) be the field of Laurent power series with coeffi- 
cients in a field k; if k has positive characteristic, denote by Gp the Galois group of a separable 
closure of F. As it is well known, every £-adic representation admits a natural break decomposi- 
tion as a finite direct sum of Q£[GF]-submodules. These decompositions are nicely compatible 
with the standard operations defined on the category Q£[Gi7]-Mod of Q^fG^] -modules, such 
as tensor products and Horn functors. 

On the other hand, if k has characteristic zero, one may consider the category D.E. (F/k) 
of finite dimensional F- vector spaces endowed with a T-adically continuous A;-linear connec- 
tion. Then the theory of Levelt-Turritin says that every object of D.E.(F/k) admits a natural 
decomposition, satisfying wholly analogous compatibilities (see [33]). 

The parallelisms revealed by the study of [GFj-Mod and D.E. (F/k) are aboundant and 
striking, to the point that one can write down a heuristic dictionary to translate definitions and 
theorems back and forth between them (see [33, Appendix]). More recently, Yves Andre has 
introduced notions of slope filtration and Hasse-Arf filtration for a general tannakian category 
(see [ 1 , Def . 1.1.1 and Def .2.2. 1 ]), which extract the basic features that are common to these two 
categories (and indeed, to others as well). He has shown that, quite generally, the existence of a 
Hasse-Arf filtration imposes very binding restrictions on the structure of a tannakian category. 

0.2. Where we were heading. The aim of this work is to exhibit another specimen of the same 
sort as those considered by Andre. Namely, let {K, \ ■ |) be an algebraically closed valued field 
of mixed characteristic (0,p), complete for its rank one valuation \ -\ : K ^ TkI^ {0} (we may 
view the value group Tk as a subgroup of M>o). Let also A be a local ring which is a filtered 
union of finite rings on which p is invertible. Our objects of study are the locally constant 
sheaves of free A-modules of finite rank on the etale site of the punctured disc : 

D(r)* -.^ {x e K \0 <\x\ <r} (for any r e Fk). 

These modules form a category A-Loc(r), which is tannakian if A is a field. However, we are 
really interested in describing the local monodromy of these sheaves, i.e. their behaviour in an 
arbitrarily small neighborhood of the missing center of the disc, hence we do not distinguish 
two local systems ^ and on the etale sites D(r)|^, respectively D(r')|^, if they become 
isomorphic after restriction to some smaller disc D(r")* (with < r" < r, r'). Hence, we are 
really concerned with the 2-colimit category : 

A-Loc(0+) := colimA-Loc(r). 

r— >0+ 

0.3. What we hoped to find there. It is instructive to consider first the case where the mon- 
odromy is finite, i.e. the local system ^ under consideration becomes constant on some fi- 
nite Galois etale covering X D(r)*, say with Galois group G. This case is already highly 
non-trivial : is the same as a A [G] -module of finite type, and if we insisted on a complete 
description of the global monodromy of we would have to classify all such representations, 
so essentially all possible finite coverings of D(r)* - a task that is probably beyond the reach 
of current techniques. On the other hand, the germs of finite coverings of D(r)* are completely 
classified by the so-called p-adic Riemann existence theorem, proved by O. Gabber around 1982 
(unpublished) and by W.Lutkebohmert about ten years later ([40]). Explicitly, after restriction 
to a smaller disc, every such finite covering becomes a disjoint union of cyclic coverings of 



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 



3 



Kummer type; therefore the local monodromy of our ^ will be a representation of a finite 
cyclic group. 

Though no such description is known for general etale coverings of D(l)* (i.e. for those of 
infinite degree), this provides some evidence for the thesis that, by shifting the focus to germs 
of coverings, one should expect to reach a new, but substantially tamer mathematical territory - 
one in which some general geographical features are discernible and can be used as worthwhile 
reference points. 

0.4. Why we were not disappointed. This expectation is largely borne out by our main theo- 
rem 4.2.42, which can be stated as follows. Suppose that (D(r)|^, ^) is a A-module of finite 
type, in which case we say that ^ has hounded ramification; this condition is independent of the 
value r e r^:. Then there exists a connected open subset U c D(r)* such that \J n D(£)* ^ 
for every £ > 0, and such that the restriction of F to U^^ admits a break decomposition as a 
direct sum of locally constant subsheaves : 

(0.4.1) ^l^~0^(^) 

indexed by the ordered group Fq, which is the product of ordered groups Q x R, endowed with 

the lexicographic ordering (of course ^(7) 7^ for only finitely many 7 e F). This decomposi- 
tion is compatible in the usual way with tensor products and Hom functors; moreover, one may 
define Swan conductors for ^ , and there is also an adequate analogue of the Hasse-Arf theo- 
rem. Since the Swan conductor determines the Euler-Poincare characteristic of i?F(©(r)|^, 
it follows easily that, in case A is a field, the subcategory A-Loc(0'*")b.r. of A-Loc(0+) consist- 
ing of A-modules with bounded ramification, is tannakian. Therefore, the break decomposition 
in A-Loc(0"'")b.r. would be precisely what is needed to define a filtration of Hasse-Arf type, 
in the sense of [1], if it were not for the following two short-comings. First, the filtration is 
not indexed by the real numbers, but by the more complicated group Fq. This is however a 
minor divergence, which can be cured, for instance, by generalizing a little the definition of 
slope filtration in a tannakian category. More seriously, the break decomposition of an object of 
A-Loc(0+)b.r. is defined (a priori) only in a strictly larger tannakian category; this is because 
the open subset V may not contain any punctured disc D(£)* (though it intersects all of them). 

I expect that actually every local system with bounded ramification admits a break decom- 
position already over some small punctured disc, and I hope to address this question in a future 
release of this work. Once this result is available, it will be possible to apply the tannakian 
machinery of [1] to study the structure of such local systems. 

0.5. Planning for the journey. The proof of theorem 4.2.42 is divided into two separate steps. 
The first step consists in describing the monodromy of ^ around the border of a disc D(r)*. 
This is one of the points where the standard topological intuition may be misleading: a non- 
archimedean punctured disc is far from being "homotopically equivalent" to an annulus, for any 
reasonable notion of homotopy equivalence. Indeed, it is easy to construct examples of (finite 
or infinite) connected Galois coverings of D(r)* that are completely split at the border, that is 
over every annulus of the form: 

©(a,r) := {x G -fT I a < |a;| < r} 

with a G Fx sufficiently close to r. (And conversely, an etale covering of D(r)* may be 
completely split near the center, and connected on every annulus ro(a, r) with a sufficiently 
close to r.) But the crucial difference is that the monodromy around the border is always 
finite. As a consequence, the study of this monodromy is an essentially algebraic affair that 
can be carried out by a suitable extension of classical ramification theory for henselian discrete 
valuation rings with perfect residue field. 
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This extension has been developed by R.Huber in [31]: the main tool is a certain rank two 
valuation r}{r), defined on the ring of analytic functions ^(D(a, r)) on D(a, r) (for any a < r), 
and continuous for the p-adic topology. In a precise sense (best expressed in the language of adic 
spaces), this valuation is localized at the border of the disc. Moreover, the value group r^(r) of 
r]{r) is naturally isomorphic to x Z, ordered lexicographically. Now, let / : X — > D(a, r)^t 
be a finite, connected, etale and Galois covering of Galois group G, such that f*^ is a constant 
sheaf. Then r]{r) admits finitely many extensions xi, . . . ,Xn to ^{X), and the action of G 
permutes transitively these extensions. Fix one of these valuations x := xf, the stabilizer 
Stx C G can be naturally identified with the Galois group of a finite separable extension 

of henselian valued fields, obtained by suitably henselizing the completions (for the valuation 
topologies) K{ri{r))^, k{x)^ of the fields of fractions of i^(D(a, r)) and respectively ^(X). Let 
7ri(r) be the Galois group of a separable closure of K{r]{r))^^; we may regard ^ as a A[G]- 
module, hence as a A [S't^:] -module, by restriction, and then as a A [7ri(r)] -module, by inflation. 

The group 7ri(r) admits a natural (upper numbering) higher ramification filtration, wholly 
analogous to the standard one for discrete valued fields, except that it is indexed by the ordered 
group r^(r) ®i Q. Therefore, when A is a field, the tannakian category A[7ri(r)]-Mod is yet 
another example of a category with a slope filtration, except that the filtration is indexed by 
r,,(r) ®z Q, rather than by M. Moreover, this slope filtration is even of Has se-Arf type, provided 
we redefine appropriately the Newton polygon of a representation. 

0.6. Division of labour. R.Huber's ramification theory yields, for every radius r G Vk, a 
A[7ri(r)]-equivariant break decomposition of the stalk -^r^ir)- The second step of the proof of 
theorem 4.2.42 consists in describing how this decomposition evolves as r changes. This step 
presents in turn two aspects: on the one hand, we have to examine the continuity properties 
of the breaks, i.e. the way the decomposition varies in a neighborhood of a given radius r; 
on the other hand, we have to make an asymptotic study, to determine the behaviour of the 
decomposition for r ^ 0+. The upshot is that, for large values of r, the breaks of ^ri{r) vary in 
a continuous, but apparently pattemless manner; but, as we approach the missing center of the 
disc, eventually a coherent order emerges: the decompositions fall into step, and they give rise 
to the asymptotic decomposition (0.4.1). 

0.7. Surveyor's gear. Both the continuity and the aymptotic study ultimately rely on the re- 
markable properties of certain conductor functions attached to our local system To define 
these conductors we may assume, without loss of generality, that Vk = IR>o- Suppose that 
f : X ^ D(a, b) is a finite Galois etale covering, with group G, such that f*^ is constant. For 
every r G [a, b], we have the 7ri(r)-equivariant break decomposition 

^r,(r) ^ Mi(7i(r)) © ■ ■ ■ © M„(7„(r)) 

where n depends also on r, and the breaks 7i(r) live in M>o x Q. For any 7 e M>o x Q, 
let us denote by 7** and 7^ the projections of 7 on IR>o and respectively Q. Set also rrii :— 
rkAMj(7j(r)) for every i — 1, . . . ,n. Then we may consider the conductor functions : 

5 J, : [log 1 /b, log 1 /a] R>o and s\n\^ , ■) : [a,b] ^ Z 

defined by letting : 

n n 

(5jr(-logr) := -^log7j(r)^ -mi and sw''(=F, r+) := ^ 7i(r)'' • m^. 

i=l i=l 

We show that 5^ is a piecewise linear, continuous and convex function, and moreover the right 
derivative of 5^ is computed by sw''(^, ■) (see proposition 4.1.8). The function sw''(^, •) can 
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be characterized in terms of the Swan conductor of the covering X. Namely, for every r e 
[a, h], choose a valuation x of 6'{X) extending the valuation ri{r); then the higher ramification 
filtration of Stx determines, in the usual way, a Z-valued Swan character sw^^ of St^ (see 3.3), 
which is the character of an element of K°(Z^[5'ts]). We induce to get a virtual character of G : 

sw!j(r+) Indf,^swi 

which is independent of the choice of x. Let now p e ii'o(A[G]) be the A [G] -module corre- 
sponding to since sw^(r"'") lies in K'^{7j(_[G]), we may apply the natural pairing 

{■,-)g:K\'Li[G])xM^[G])^'L 

and we obtain the identity : 

swH^,r+) = (sw^(r+),p)G. 
On the other hand, for every r G [a.h] one can consider the preimage X(r) C X of the annulus 
D(r, r) C D(a,6). The ring of analytic functions ^xi^) ^{^) whose sup-norm is < 1 is 
a finite free module over the analogous ring (r) of bounded functions on D(r, r). Hence 
the discriminant f j(r) of this ring extension is well-defined, and it is an invertible function on 
D(r, r), since / is etale. Its sup-norm |5j(r)| is a real number in ]0, 1], and logr) := 
— log |f j(r) I G M>o. Let now ^ := /*Ax be the direct image of the constant sheaf Ax on X^^, 
then ^ corresponds to the regular representation of G, and we have the identity : 

Hence, the right (logarithmic) derivative of the discriminant is the Swan conductor of the regular 
representation of G : this is our analogue of Hasse's Fuhrerdiskriminantenproduktformel. 

0.8. Detour to visit a relative. The proof of the convexity of 5^ h accomplished by a rather 
technical argument, involving semi-stable reduction and a vanishing cycle calculation. As a 
corollary, one derives a proof of the convexity of the discriminant function 5f. However, the 
convexity of 5/ can also be shown by a completely elementary argument that uses little more 
than some valuation theory, the first rudiments of the theory of adic spaces, and some simple 
tools from p-adic analysis borrowed from [6] and the first chapter of [24]. We present this 
argument in section 2.3, since it is of independent interest : indeed, as explained in section 
2.4, with its aid one may quickly derive a proof of the p-adic Riemann existence theorem. This 
proof is not only much more elementary than Liitkebomert's; it is also significantly simpler than 
Gabber's original argument^ All in all, I believe it is a convincing demonstration of the new 
possibilities opened up by the theory of adic spaces. 

0.9. Dulcis in fundo. The ideas which enable to tackle successfully the asymptotic study of 
the break are developed in section 4.2, and find their roots in harmonic analysis techniques, such 
as Fourier transform and the allied method of stationary phase; this should come as no surprise 
to any reader familiar with the works of Katz {e.g. [35]) or Laumon ([38]). Closer to home, 
these ideas represent an extension (perhaps, a vindication) of my previous work [42], where I 
introduced a Fourier transform for sheaves of A-modules on the etale site of the analytification 
{K\^Y'^ of the affine line. For more details, we refer the reader to remark 4.2.18. This intrusion 
of concepts and viewpoints originating from such a seemingly far removed area of mathematics, 
is for me one of the most appealing aspects of this project. It was already one of the main themes 
in [42], and I believe that it runs deeper than a mere formal analogy : for instance, from this 
perspective, formula (0.4.1) is none else than a spectral decomposition of the local system ^. 
Whereas [42] dealt only with a suggestive, but ad hoc class of local systems, we have now 
a good grasp of all those local systems =^ whose ramification is bounded. This boundedness 
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condition can also be restated in terms of Swan conductors, hence it is, on the one hand a purely 
local condition that serves to circumscribe the good class of local systems that should be stable 

under the usual Yoga of cohomological operations. On the other hand, it is a finiteness condition 
on the cohomology of hence - from the harmonic viewpoint - it is essentially like confining 
our attention to the class of "integrable sheaves"; i.e. we are really doing harmonic analysis in 
the space Li : a most natural restriction. 

We cannot resist ending on a more speculative note. As it has been seen, in many situations 
local monodromy is described via the higher ramification filtration on a Galois group, defined 
by an appropriate valuation. This cannot be literally true for the local monodromy theory of 
the punctured disc, since the trivializing covering X — > D(r)* of a local system may have 
infinite degree, in which case the field of fractions of ^{X) has infinite transcendence degree 
over the field of fractions (^(D(r)*). Nevertheless, one may ask whether there exists a valuation 
"localized at the origin", which governs, in some mysterious way, the local monodromy theory 
of D(r)*. It turns out that there exists one natural candidate, which is well-defined on the ring 
A :— K[T, T~^] (of regular functions on the "algebraic punctured disc") : namely, the rank two 
specialization w of the degree valuation v : A ZU{cxd} such that t>(T"^) := n for every 
n E Z. The value group of w is the lexicographically ordered group A := Z x T^, and one 
has the rule : w{a ■ T") := (n, \a\), for every n G Z and every a E K. Notice that A 0^0. 
is isomorphic - as an ordered group - to the group Fq that indexes our break decomposition. 
However, this valuation w is not p-adically continuous, hence it does not lie in the adic spectrum 
Spa A, but only in the larger valuation spectrum Spv A. 

Acknowledgements: I am hugely indebted with Ofer Gabber for explaining me the proof 
of his unpublished theorem and for many discussions, through which I have learned many of 
the techniques that play an essential role in this work. Especially, I have learned from him an 
idea, due originally to Deligne ([37]), that allows to calculate the rank of vanishing cycles; the 
same idea is recycled in the proof of proposition 3.2.30. I thank Isabelle Vidal for sending me a 
copy of her thesis [48], where she uses de Jong's method of alterations to deduce consequences 
for the etale cohomology of schemes; her argument is applied here to the study of vanishing 
cycles (theorem 3.2.17). I also wholeheartedly acknowledge the support of the IHES and the 
Max-Planck Institute in Bonn, where large parts of this research have been carried out. This 
paper was stimulated and inpired by Roland Ruber's work [31]. 

1. Algebraic preliminaries 

1.1. Power-multiplicative seminorms. Real-valued valuations on fields and topological al- 
gebras have been standard tools in p-adic analytic geometry since the earliest infancy of the 
subject; by contrast, the role played by higher rank valuations in several fundamental questions 
has been recognized only in recent times. 

In non-archimedean analysis one encounters more generally certain ultrametric real-valued 
norms (or seminorms) that are not multiplicative, but only power-multiplicative. We shall see 
that higher rank power-multiplicative seminorms appear just as naturally, and are just as useful. 

1.1.1. In this section we let (F, <) be a totally ordered abelian group, whose neutral element 

is denoted by 1 and whose composition law we write multiplicatively. As customary, we shall 
extend the ordering and the composition law of F to the set F U {0}, in such a way that 7 > 
for every 7 G F, and 7 ■ = ■ 7 = for every 7 e F U {0}. Notice also that the ordering of F 
extends uniquely to Fq := F (8)z Q. Finally we let F+ := {7 e F | 7 < 1} 

Definition 1.1.2. Let A be a ring. A power-multiplicative F-valued seminorm on ^ is a map 

I ■ I : A ^ F U {0} 

satisfying the following conditions: 
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(a) |0| = Oand |1| = 1. 

(b) \x — y\ < max(|a;|, \y\) for all x,y & A. 

(c) \x ■ y\ < \x\ ■ \y\ for all x,y & A. 

(d) la;"! = for every x G A and every n G N. 

One says also that (^4, | • |) is a T-seminormed ring. If \x\ ^ whenever a; 7^ 0, one says 
that I ■ I is a V-valued norm and correspondingly one talks of F-normed rings. If in (c) we 
have equality for every x,y e A, then we say that (A, | • |) is a V-valued ring and that | • | is 

a V-valued valuation. A morphism </> : {A, | ■ |) — > (^', | ■ |') of r-seminormed rings is a ring 
homomorphism (p : A ^ A' such that = |a| for every a ^ A. Notice that the subset 

(1.1.3) := {a e A I |a| < 1} C ^ 

is a subring of A. The support of | • | is the ideal 

supp(| • I) := {a e A I \a\ = 0} C ^. 

If I • I is a valuation, supp(| • |) is a prime ideal. 

Lemma 1.1.4. Let (A, \ ■ \) be a seminormed ring and x,y & A any two elements such that 
\x\ ^ \y\. Then \x -\-y\— max(|x|, \y\). 

Proof. Let us say that \x\ < \y\. By (b) of definition 1.1.2 we have: 

\y\ < max(|x + y\, \x\) < max(|^/|, \x\) = \y\. 
Hence \y\ = \x -\- y\, which is the claim. □ 

1.1.5. Let {A, I ■ I) be a semi-normed ring. For every monic polynomial p{T) :— T"* + 
a^rpm-i ^ h e ^[T] we set 

a{p) := max(|aj|^/' | i = 1, . . . , m) e Fq U {0} 
and call a{p) the spectral value of p{T). 

Lemma 1.1.6. Letp, q e A[T] be monic polynomials. Then a{pq) < max(cr(p), If\-\is 
a valuation, the above inequality is, in fact, an equality. 

Proof. Mutatis mutandis, this is the same as the proof of [6, §1.5.4, Prop.l]. □ 

1.1.7. Let A be a normal domain, K the field of fractions of A, and A ^ B an injective 
integral ring homomorphism such that B is torsion-free as an A-module. For any b E B (8)^ K 
the set of polynomials P{T) e K[T] such that P{b) = is an ideal, whose monic generator 
IJ,b{T) is the minimal polynomial of b. 

Lemma 1.1.8. Keep the assumptions of (1.1.7) and suppose that b & B. Then iib{T) G A[T]. 

Proof. By [41, Th.10.4] we have A = f]^Ay where v ranges over all the valuations of K whose 
valuation ring A.^ contains A. We can therefore suppose that A is the valuation ring of one such 
v.A^V^U {0}. For any polynomial p{T) := J^'^^o ^i^' ^ ^[^1 

:= msix.{v{ai) | i = 0, . . . , n) G F„ U {0}. 

By assumption, there is a monic polynomial P{T) G A\T] such that P{b) — 0, hence divides 
P in K\T]. The assertion is therefore a consequence of the following: 

Claim 1.1.9. \p • q\y — • forallp,? G K[T]. 

Proof of the claim. We leave it as an exercise for the reader: one can easily adapt the direct 
argument used in the classical proof of the Gauss lemma (cp. [6, p.44]). □ 
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1.1.10. In the situation of (1.1.7), Mb e B and say that 

lib{T) = T" + aiT"-i + a^T'-' + ■ ■ ■ + a„ 

for some n E N and elements ai, . . . , an E A, in view of lemma 1.1.8. Suppose now that 
I • I : A — > r U {0} is a power multiplicative F-valued seminorm on A. Then the spectral 
seminorm of b is defined as 

|6|sp := cT(/ib(T)) e Tq U {0}. 
The name of | • |sp is justified by the following: 

Proposition 1.1.11. With the notation of (1.1.10), the pair {B, \ • |sp) is a FQ-seminormed ring. 

Proof. We consider the 74-algebra A' :— A[Tq\. Hence A' is generated as an -algebra by 
elements [7], for all 7 e Fq, subject to the relations 

[7] ■ [5] = [7 ■ 5] forall7,<5erQ. 

Clearly, every element of A' admits a unique expression of the form X^^^Pq ^7 ' [7] where = 
for all but finitely many 7 e Fq. Set also B' := B ®a A'. 

Claim 1.1.12. ^4' is a normal domain, flat over A, and B' is a torsion-free A' -module. 

Proof of the claim. We can write Tq = IJ^^j Fj, the filtered union of all the finitely generated 
subgroups Fj C Fq. Then A' = IJ-^^ ^[F,], and it suffices to show the claim for the subalgebras 
A'j^ := A[Fj]. Since F is torsion-free, we have (non-canonical) isomorphisms Fj ~ whence 
A'- ~ A[T^\ T^^] A^z Z[T^\ from which flatness is clear. Normality 

follows as well, in view of [20, Ch.IV, Prop.6.14.1]. Likewise, B' is the filtered union of the 
A^-algebra B[T^^, . . ., T^^], and the latter are clearly torsion-free over 

We define a map | • | : A' — > Fq by the rule: 

■ [7] ^ max(|a^| • 7 | 7 G Fq). 

Claim 1.1.13. {A' , | • |) is a FQ-seminormed ring. 

Proof of the claim. All conditions of definition 1.1.2 are clearly fulfilled, except possibly for (d). 
However, for given x — ■ [7], let 5 e F be the minimal element such that ja^l ■ 5 = |a;|. 

Say that = J^-y ^7 ' [t] '■> we have 

bs„ ■ [S""] = a^^- [71]- . . . -a^^ ■ [7„]. 

7i-----7n=<5"' 

If now 7i - ■ ■ ■ -771 = 5" and the 7^ are not all equal to 5, then necessarily 7, < 5 for some i < n. 
By the choice of S it follows that |a-y.| • 7i < \as\ ■ 6, hence |a^^ • [71]- . . . -a^^ ■ [7^]! < \x\"'. In 
view of lemma 1.1.4 we deduce that jfc^n | • 5" = | so (d) holds as well. 

From claim 1.1.12 it follows that the induced map A' — > B' is injective, and by claim 1.1.13 
we can replace A, B and F by respectively A', B' and Fq, which allows us to assume that 

(I 1 14) ~ \^\sp — ru{0} = FqU{0} and there is a group homomorphism [•] : F — > ^4^ 
which is a left inverse for | • | : A — > F U {0}. 

Let B+ -.^{x eB \ \x\sp < 1}. 

Claim 1.1.15. is normal and B'^ is the integral closure of in B. 
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Proof of the claim. To show that is normal, it suffices to prove that is integrally closed 

in A. Hence, suppose that x & A satisfies an equation of the form + aix^~^ H h On = 0, 

where \ai\ < 1 for i = 1,. . . ,n. It follows that \x\^ < maxda;!""* \ i = 1, . . . ,n), which 
is possible only when < 1, as required. Next, let b G -B"*"; by definition this means that 
/ife(T) e A+[T], so X is integral over Conversely, we apply lemma 1.1.8 with in place 
of A, to see that |6|sp < 1 for every b e B which is integral over ^4+. 

Finally, we verify conditions (a)-(d) of definition 1.1.2. (a) is obvious. Let x,y E B and say 
that 5 :— \x\ < 7 := \y\; thanks to (1.1.14) we have 

\x- [7~^]| < \x\ -7"^ < 1 

and likewise |?/-[7~^]| < 1. By claim 1.1.15 it follows that [7"^] and?/-[7~^] are integral over 
A'^, hence the same holds for their sum and again claim 1.1.15 implies that \ {x + y)- [7"^] | < 1. 
Consequently |x + |/| < \{x + y) ■ [7"^]] ■ 7 < \y\, which is (b). For (c) one considers the 
product X ■ [5~^] ■ y ■ [7"^] which is integral over by an analogous argument; then \x ■ y\ < 
\x- [5~^] - y- \ - 5 - 7 < \x\ - which is (c). Finally, suppose that \x^\ = £ < 5"; by (1.1.14) 
the value group V is divisible, hence we can consider the element z := x ■ [e"^/"] and in fact 
< 1, hence is integral over so the same holds for z, and again \z\ < 1, therefore 
|x| < < (5, a contradiction that shows (d). □ 

Remark 1.1.16. (i) Proposition 1.1.11 generalizes [6, §3.2.2, Th.2], which deals with the spe- 
cial case of real- valued norms. The proof of loc.cit. does not extend to the present case, since it 
is based on a smoothing technique that makes sense only for real-valued seminorms. 

(ii) In the situations encountered in later sections, it is probably not too hard to verify directly 
that the spectral norm is power-multiplicative (the same can already be said for most applica- 
tions of [6, §3.2.2, Th.2]). However, it seems desirable to have a general statement such as 
proposition 1.1.11. 

Lemma 1.1.17. In the situation of (1.1.10) : 

(i) Let (A, I ■ I) — > (A', I ■ I') be aflat morphism of T-seminormed normal domains, suppose 
that B' := A' ®^ B is torsion-free over A', and endow it with the spectral seminorm 
I • Igp relative to the induced injective ring homomorphism A' — > B'. Then: 

(a) The natural map {B, \ ■ |sp) {B', \ ■ |gp) is a morphism of TQ-seminormed rings. 

(b) 7/' I ■ I : A — > r U {0} is a valuation, we have \ab\sp — \a\ ■ \b\spfor every a & A 
and b & B. 

(ii) Suppose that B — BiX - ■ - x B^, where each B^ is an A-algebra fulfilling the conditions 
of (1.1.7), and for i — 1, . . . ,r, denote by \ • |sp,i the spectral norm of B^. Then, for 
every b :— {bi, . . . ,br) & B we have: 

\b\sp < max(|6i|sp,j | i = 1, . . . , r) 

and if the norm of A is a valuation, the inequality is actually an equality. 

(iii) Suppose that {A, | ■ |) — > {B, \ ■ \b) is an extension of valuation rings, such that B is 
integral over A Then the spectral norm \ ■ \spis a valuation equivalent to\ ■ \b. 

Proof, (i.a): For given 6 e -B, let C C i? be a finite A-subalgebra with b E C; then C := 
A' C C B'. Let K and K' be the fields of fraction of A and respectively A'; the element b 
induces a i^T-linear (resp. i^T'-linear) endomorphisms on the finite dimensional i^-vector space 
(resp. X'-vector space) C ®a K (resp. C ®a' K'), and the spectral seminorms of 6 in S and B' 
are defined in terms of the minimal polynomials of these endomorphisms. Hence the assertion 
boils down to the invariance of the minimal polynomial under base field extensions. 

(i.b): If Pb{T) = T" + aiT"-i + asT'^"' -H • • • + a„, then pab{T) = + a ■ aiT''-^ + • 

j>n-2 _| 1- a" • a„, from which the assertion follows easily. 
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(ii) : The minimal polynomial of b is the least common multiple of the minimal polynomials 
of bi, ... ,br; hence the claim follows from lemma 1.1.6. 

(iii) : Lethe B such that = 1, and m{T) := T" + ^"^^ a^T"-* the minimal polynomial 
of b over Frac(A). Since b is integral over A, we have ai e A for every i = 1, . . . ,n, hence 
l^lsp < 1; on the other hand, since : 

n 

1 = l^ls = I X/ - niax(l«i| I « = 1, ■ ■ ■ , 

i=l 

we have as well : 1 < |6|sp, so that |6|sp = 1. Finally, for a general element b E B \ {0}, we 
may find s G N \ {0} and a e A such that \b^ ■ a\B = 1, hence \b\% • |a| = 1 = \b\lp ■ \a\, in view 
of (i.b). The assertion follows. □ 

1.2. Normed modules. Throughout this section (A, | ■ |) denotes a F-normed ring (for some 
ordered abelian group F). Following ([6, §2.1.1, Def.l]), we shall say that a faithfully F- 
seminormed A-module is a pair (V, | ■ |y) consisting of an A-module V and a map | • |\/ : 
y ^ F U {0} such that: 

(i) \x — y\v < max(|a;|y, \y\v) for every x,y eV. 

(ii) \ax\ = \a\ ■ \x\v for every a E A and x eV. 

If moreover \ ■ \y satisfies also the axiom: 

(iii) |a;|i/ = if and only if a; = 
then we say that (1^, | ■ | y) is a faithfully F-normed 74-module. In the following we will suppose 
that all the F-seminormed 74-modules under consideration are faithfully seminormed, so we 
shall refer to them simply as "seminormed A-modules" (or "normed 74-modules" if (iii) holds). 

1.2.1. Let V :— (V, | • \v) be a free seminormed ^-module of finite rank. Following [6, §2.4.1, 
Def.l], we say that V is A-cartesian if there exists a basis {vi, . . . , v„} of V such that 



n 

i=l 



max \ai\ ■ \Vi\v 

l<i<n 



V 

for all fll , . . . , Cifi E A. A basis with this property is called A-orthogonal (or just orthogonal). 

1.2.2. Suppose that {A, | ■ |) is a valuation ring. Recall that an immediate extension of A is a 
flat morphism of valuation rings | • |) {A' , \ ■ \') inducing an isomorphism of value groups 
F ^ F' and residue fields A'" A A'^. For instance, the henselization [A^, \ ■ \^) of [A, \ ■ \) 
is an immediate extension; also the completion (A^, | • |^) of {A, \ ■ \) relative to its valuation 
topology, is an immediate extension. 

Lemma 1.2.3. Let (^4, \ ■]) be a valuation ring, (^4', | • |') an immediate extension of A, and B 
aflat A-algebra; set B' := A^ (g)^ B. We endow B (resp. B') with the spectral seminorm \ ■ \sp 
(resp. I ■ Isp) relative to the valuation of A (resp. of A'). Suppose furthermore that both B and 

B' are reduced. Then: 

(i) If {B, I • |sp) is A-cartesian, then {B', \ ■ |gp) is A' -cartesian. More precisely, a sub- 
set . . . , 6d} is an orthogonal basis of B if and only //" {1 6i, . . . , 1 (8) bd\ is an 
orthogonal basis of B'. 

(ii) Conversely, suppose that {B', \ ■ |gp) is A' -cartesian, and assume that {A', \ ■ \') C 
(^4'^, I • 1^), the completion of A for the valuation topology. Then {B, \ ■ |sp) is A- 
cartesian. 

Proof. Notice that B is free of finite rank over A if and only if B^ is free of finite rank over A^ 
([25, Rem.3.2.26(ii)]), hence we may assume from start that B is free of finite rank. 
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(i) : Suppose that {61, ... , bd} is an orthogonal basis of B; for every a^, . . . , e such 
that X :— Yli=i 0, we have |a;|sp 7^ 0, since by assumption B'^ is reduced. Since A' is 
an immediate extension of A, we can find oi, . . . , e A such that 

(1.2.4) either = or |aj — < |a^| for every i < d 

and especially, \ai\ — \a\\ for every i < d. Set y :— Yli=i ^i^i''> we deduce : \x — 1 <S> y\sp < 
max(|ai| • |&i|sp) = |y|sp = |1 <8) y|sp> by lemma 1.1.17(i.a), whence : 

kisp = |y|sp = max(|a-| • |1 ® 6i|^p | i = 1, . . . , d) 

i.e. {1 (g) 61, . . . , 1 (g) bd} is an orthogonal basis. Conversely, if {1 (8) 61, . . . , 1 (8) 6^} is orthogonal, 
obviously {61, ... , 6^} is orthogonal in B. 

(ii) : In view of (i), we can assume that B^ is -cartesian, and it remains to show that B is 
A-cartesian. Choose an orthogonal basis e'^, . . . , for 5^. We shall use the following analogue 
of (1.2.4): 

Claim 1.2.5. We can find ei, . . . , e„ G -B such that |ej — e^|gp < |e-|gp for i = 1, . . . , d. 

Proof of the claim. Write — Y^'^j=i '^'■j ® bj for some a[, . . . ,a'^ E A^ and bi, . . . ,bd G B; 
choose approximations Oi, . . . , G of these elements and set Cj := X]j'=i '^i^i- lemma 
1 . 1 . 17(i.b) we have : | — e ■ | sp < max( | aj — a'j \ ■ \ bj \sp \ j < d), which can be made arbitrarily 
small. 
It follows that |ej|sp = |e-|gp and (cj | i = 1, . . . , d) is a basis of B (by Nakayama's lemma); 
furthermore, for every oi, . . . , G ^4 we have: 

d d d 

I ^OjCi - E«je^lsp = I E«i(ei -e-)|sp < max(|ai| • je, - e^l^p \ i = l,...,d) 
1=1 1=1 1=1 

d 

< max(|ai| • |e^|^p \ i ^ 1, . . . ,d) ^ \J2 (^i^Zp- 

i=l 

Hence: 

d d 

I E «iei|sp = I Yl Oje-lsp = max(|ai| • \e'Xp \ l<i<d)^ max(|ai| • |ei|sp \ l<i<d). 
i=i i=i 

In other words, the basis (e, | i = 1, . . . , is orthogonal. □ 

Remark 1.2.6. I do not know whether lemma 1.2.3(ii) holds for an arbitrary immediate exten- 
sion (A, I ■ I) — i> (A', I ■ I'). If the rank of the valuation ring A is greater than one, this seriously 
limits the usefulness of lemma 1.2.3, since for instance, for such valuations, the henselization 
A^ of A is not necessarily contained in A^. 

1.2.7. Let {K, I ■ I) be a valued field with value group F and residue field K^, L a finite 
extension of K and 

I ■ : L^r,U{0} t = l,...,k 

the finitely many extensions of | ■ |. For every i < k, let L~ be the residue field of the valuation 
ring Lf of (L, | ■ and set fi := [L~ : K"^], := (F^ : F). Furthermore, for every pair of 
integers i, j < A; let Fjj be the value group of the valuation ring :— Lf ■ L'j; the embedding 
Li C L-ij induces a natural surjective order-preserving group homomorphisms Fj Tij, whose 
kernel we denote Ajj. Then we have natural isomorphisms of ordered groups Fj/Aij ~ Tj/Aji, 
for every such pair (i, j). For every i < set also Aj := Oj^^i ^ij- 

Proposition 1.2.8. In the situation of (1.2.7), endow the K -algebra L with its spectral norm 
I ■ |sp (relative to the norm \ • \ on K), and suppose moreover that : 

(a) The extension K c Lis defectless, i.e. ^2^=1 ' fi = '■ K]. 
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(b) r + Aj = for every i < k. 

(c) For every i < k, the quotient Aj/(r fl A,) consists of equivalence classes an, . . . , aie^ 
of elements o/ Aj ; 

an := 1 > > ■ ■ ■ > aiei 

such that > jfor every i < k, every j < Cj, and every 7 e r+ \ {1}. 

(d) A,j ^ { 1 } for every i < k. 

Then (L, | ■ |sp) is a cartesian {K, \ ■ \)-module. 



Proof. Assumption (c) and [44, Th.5] imply that for every i <k and every j < Cj we may find 
Xij e L such that : 

(1.2.9) \xij\i = aij and \xij\i = 1 for every / 7^ i. 

Next, for every i < k,\et cn, . . . , Cif^ E Lf whose equivalence classes form a basis of the K""- 
vector space L~. In view of assumption (d) we may find, for every i < k, a non-zero element 
bi E K such that : 

\bi\er+nAi\{i}. 

Then, according to [44, Lemme 9] we may find, for every i < k and every j < fi, elements 
yij e L such that : 

(1.2.10) IVij - Cijli < \bi\ and \yij\i < \bi\ for every Z 7^ i. 
The proposition now follows from assumptions (a) and (b), and the following : 
Claim 1.2.11. The family : 

S := {xijUii I i = 1, . . . , fc; J = 1, . . . , Cj; / = 1, . . . , /i) 
is orthogonal relative to the spectral norm | ■ |sp. 

Proof of the claim. Let a e L be an element which can be written in the form : 

fi 

a = ^ Gi where : Oj = ^ ^ dijiXijyu for every i = 1, . . . ,k 

i=i j=i 1=1 

with Qiji e K. We have to show that : 

l^-lsp = iiiax(|ajj|| ■ IxijUiilsp \ i = 1, . . . , k; j = 1, . . . , ej; 1 = 1,..., fi). 

Let {K^,L^) be the henselization of {K, \ ■ |), and set L''+ := L+ ®k+ K'^^, where L+ := 
{x E L \ \x\sp < 1} is the integral closure of K'^ in L. In view of lemma 1.1.17(i.a), it suffices 
to verify that E is an orthogonal system of elements of {L^, \ ■ |gp), where = L''+ K 
and I ■ |sp is the spectral norm of L'' relative to | ■ |'*. However, L'* = x ■ ■ ■ x L^, where 
(Lf , I ■ If) denotes the henselization of (Lj, | • |j), for every i < k, hence lemma 1.1.17(ii) yields 
the identity : 

(1.2.12) |a|sp = max(|a|i \ i = 1, . . . , k). 

For every i < klet us set : 

7j := max{\aiji\ | j = 1, . . . , e^; 1 = 1, ...,fi). 
In view of lemma 1.1.17(i.b) we may assume that : 

max(7j \ i = 1, . . . ,k) = 1. 
Fix i < k.By inspecting (1.2.9) and (1.2.10) we see that in that case : 

\at\i < l^il for every t i. 
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whence : 

(1.2.13) \a\i < max(|aj|j, \bi\) and equality holds if | a, |j > \bi\. 

• Now, suppose first that 7, = 1, and denote by jo the smallest integer j < Cj such that 
\aiji\ — 1 for some I < fi. With this notation, we may decompose : 

f^ 

Cli — ttj^ -\- Xijg ■ ^ ] dijolUil 

1=1 

where a'^ is the sum of the terms aijiXijyu with j ^ jo- By (1.2.10), the residue classes in L~ of 
the elements yn, . . . ,yif^ are all distinct, hence (1.2.9) yields : 

fi 

1=1 

and, on the other hand : 

since ajjo+i is greater than any element in r+ \ {1}. Summing up we obtain : 

(1.2.14) \ai\i = aij^ = max{\aiji\ ■ \xijyu\sp | j = 1, . . . , e^; / = 1, . . . , /i) if 7i = 1 
and combining with (1.2.13) : 

(1.2.15) \a\i = aijg whenever 7, = 1. 

• Suppose next that 7^ < 1. Then \ai\i < 7j, and in view of (1.2.13) we deduce : 

(1.2.16) \a\i < max(|7i|, \bi\) whenever 7j < 1. 

Finally, from (1.2.12), (1.2.15) and (1.2.16) we conclude that, in order to evaluate |a|sp we 
may neglect all the terms 01^7 such that 7^ < 1, and then the sought identity follows from 
(1.2.14). □ 

Remark 1.2.17. Of the four conditions of proposition 1.2.8, the first one is very natural, and 
in fact characterizes cartesian extensions of a valued fields, in the rank one case (see [6, §3.6.2, 
Prop.5]). On the other hand, conditions (b), (c) and (d) appear (to me) as artifical, and certainly 
leave room for improvements. 

1.2.18. Suppose that V := {V, | • |y) 7^ and W :— {W, \ ■ \w) are two normed ^-modules; 
let ip : V ^ W he aa ^-linear homomorphism. We say that t/j is bounded if there exists 7 e F 
such that 

\ip{x)\w/\x\v < 1 for every x G y \ {0}. 
We denote by Jff{V, W) the 74-module of all bounded yl-linear homomorphisms V W. If 
r C R, then one can define the norm of t/j as the supremum of |^(a;) |vy/|a;|y for a; ranging over 
all X e ^ \ {0} ([6, §2. 1 .6]). For more general groups F, this quantity is not necessarily defined. 
Hence, for ^ e jSf(y, VF) we shall set 

:= sup — 

xev\{o} \x\v 

whenever this is well defined as an element ofT U {0}. Lemma 1.2.19 shows that, if V and W 
are A-cartesian, the norm l^/'l is well defined for every A-linear map t/j. 

Lemma 1.2.19. Let V := (V, | • |y) and W :— {W, \ • \w) be two free A-cartesian normed 
A-modules of finite rank. Then: 

(i) =Sf (V, W) = Homfc(V, W) and the pair {^{V, W), \ ■ \^) is an A-cartesian normed 
A-module. 
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(ii) If{vi\i = l,...,n) and {wj \ j = 1, . . . ,m) are orthogonal basis of V, resp. W, then 
the basis {v* <^ Wj \ i — 1, . . . ,n; j — 1, . . . ,m) of =^(V, W) is orthogonal. 

Proof (i) will follow from the more precise assertion (ii). The basis in (ii) is characterized by 
the identities 

V* Wj{vk) = Sik ■ Wj for every i = 1, . . . ,n and j = 1, . . . , m. 
Claim 1.2.20. 1^;* (8) Wj\^ — \wj\w/\vi\v- 
Proof of the claim. By definition we have 

\hi\ ■ \wj\w 



® Wj\^ = sup 



6eA"\{o} inax \bk\ ■ \vk\v 

l<k<n 

For given b := . . . , 6„), in order for the expression on the right-hand side to be non-zero, 
it is necessary that bi ^ 0; in that case the denominator of the right-hand side cannot be made 
lower than • so the claim follows. 

Taking into account claim 1.2.20, the lemma boils down to the following 
Claim 1.2.21. For every n x m matrix (aij) with coefficients in A we have: 

max I ^.aijbil ■ \wj\w 

l<j<m I I 

sup — - — ■ — j = max \ aij\ 

beA"\{o} max • |^;jk|y ij 

l<k<n 

Proof of the claim. The inequality > can be shown by choosing, for every r < n, the vector 
br '■= {bir, ■ ■ ■ ,bnr) such that bir = for i 7^ r and brr = 1- For the inequality < one remarks 
that 

max I ^iOiijbil ■ \wj\w max \ aijbi\ ■ I^jIh-' 

l<j<m ij 

— — j — j < — — j — j — < max 

max \bk\ ■ \vk\v max \bk\ ■ \vk\v 

l<fe<n l<A;<n 

from which the claim follows easily. □ 





\w 


\Vi 


\v 



\aijbi\ 






\w 










\v 



1.2.22. Let V and W be as in lemma 1.2.19. By lemma 1.2.19(i) there is a natural A-linear 
isomorphism 

^{V ®A W, A) ~ ^{V, ^{W, A)) 

whence a natural structure of A-cartesian normed A-module on ^{V^k W. A). After dualizing 
(and applying again lemma 1.2.19) we deduce that V ®a W carries a natural structure of A- 
cartesian normed A-module. Furthermore, let (t^j | i = 1, . . . , n) and {wj \ j = 1, . . . , m) be 
orthogonal bases for V and respectively W; using repeatedly lemma 1.2.19(ii) one sees easily 
that {vi ® w j \ i — 1, . . . ,71] j — 1, . . . ,m) is din orthogonal basis for V ®a W and moreover 

\vi ®Wj\ = \vi\y ■ \wj\w for every i = 1, . . . ,n and j = 1, . . . , m. 

Remark 1.2.23. At least when F = M, and A is a field, it should be possible to use the char- 
acterization of [6, §2.1.7, Cor.3] to see that the above normed A-module structure on V ®yi W 
agrees with the one defined on the complete tensor product 1^(8)^1^ as in [6, §2.1.7]. 
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1.2.24. As a special case of (1.2.22), we deduce a natural norm on every tensor power F®*^ of 
V. All these ^-modules are A-cartesian. For every /c e N we have a natural imbedding of A- 
modules: A'^V ^ y®*^ induced by the antisymmetrizer operator ([8, Ch.ni, §7.4, Remarque]) 

aeSk 

Hence the norm of V'^'' restricts to a natural norm on A\V. Let {vi, . . . , Vn} be an orthogonal 
basis for V. For every subset J C {1, . . . , n} of cardinality |/| = /c we set vj :— Vi^^ A ■ ■ • A Vi^, 
where ii < • • • < ife are the elements of /. One checks easily that 

k/l = kiily ■ ■ ■ -kijy 
and the basis {vj \ I <Z {1, . . . , n\, \I\ — k) is orthogonal. 

1.2.25. In the situation of (1.2.24), consider a free A+-submodule C V such that the 
natural map A ®a+ — * V is an isomorphism. The highest exterior power V+ is a rank 
one free 74+-submodule of the ^4 -cartesian module A^y. Pick any generator e of A^+y+; one 
sees easily that the value 

\V^\ |e| 

is independent of the choice of e. Especially, if A is an integral domain and / C A'^ is any 
principal ideal, then |/| is well defined. 

Lemma 1.2.26. Suppose that A is an integral domain and let C V2 d V be two 

submodules of the free cartesian A-module V of finite rank, fulfilling the conditions of (1.2.25). 
Then we have: 

Proof. Here Fq denotes the Fitting ideal (see [36, Ch.XlX] for generalities on Fitting ideals). 
Let n be the rank of V; more or less by definition we have -Po(^^/^i^) = Fq{A\+V2 / A\+V^), 
from which the assertion follows easily. □ 

1.3. Henselian algebras and complete algebras. Let {K, | ■ |) be a complete valued field of 
rank one, m the maximal ideal of the valuation ring of K, := K^/m the residue field 
and Tk the value group. Let also tt e m be a fixed non-zero element. 

1.3.1. For any i^^-algebra R, let us denote by R-Algf^^^^j^ (resp. i^-Algfg^^/^) the category 
of i?-algebras B that are finitely presented (resp. finitely generated) as i?-modules and such that 
Bk ■= B K is etale over Rk ■= R®k+ K. Furthermore, for any object B of i^-Algfg^^y^^, 
let B^ be the integral closure in Bk of the image of B. 

Proposition 1.3.2. With the notation of (1.3.1), suppose that R is K^-flat and henselian along 
its ideal ttR, and denote by R^ the Tr-adic completion of R. Then : 

(i) The base change functor B B^ := i?^ (^ji B induces equivalences : 

-R-Algfp6t/ft: -R^-Algfp^t/A- -R-Algfgit/K —>■ -R^-Algfg^t/if- 

(ii) AnnijA(7r) = AnnB(7r) for every object B of R-Alg^^^^/j^. 

(iii) Suppose furthermore that Rk and R^ are normal domains. Then the natural map : 

B" (8)« R'^^iB Ry 
is an isomorphism for every object B of R-Alg^^^^/i^. 
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Proof, (i): The assertion for R-A\^^^^ij^ follows from [23, Ch.III, §3, Th.5 and §4, Rem.2, 
p.587]. Next, let be any object of i^^-AIg^g^^/^; we may find a filtered system (S^ | A e A) 
of finitely presented /?^-algebras, with surjective transition maps : B'^ — > B'^, whose 
colimit is B. Since B'^ is integral over i?^, we may also arrange that B'^ is integral over i?^ for 
every A e A, and then every B'^ is of finite presentation as i?^-module. Furthermore, since B'^ 
is a finitely presented i?^-algebra, we may assume that 

(1.3.3) 5^ ®K+ K c^B^ for every A G A. 

Therefore every B^ is an object of i?^-Algfp^^/;^. In this case, under the foregoing equivalence, 
this family comes from a filtered system {Bx | A G A) of objects of i?-Algfp^^y^. Let B be the 
colimit of the latter family; then B (8)r ~ B^. Moreover : 

Claim 1.3.4. (i) 5 is a finitely generated i?-module. 

(ii) The induced map : Bx ®k+ K B^ is bijective for every A G A. 

Proof of the claim. For (i), it suffices to show that the transition maps : Bx B^ are still 
surjective. Indeed, let Cx^i ■= Coker^A/^; then Cxjj. ®r = 0, hence Cxim/tiCx^i = 0, and 
therefore Cx,i — 0, by Nakayama's lemma. 

(ii): Let Cx '■= B/Bx', we have to show that ir^Cx = for large enough n G N. However, 
Cx/n'^Cx ^ Cx (E)R {R/n''R) ~ Cx ®r (R^/n'^R^) ~ Cx ®r R"" for every sufficiently large 
n G N, by (1.3.3). It follows that Cx/tt'^Cx = Cx/n"'Cx for every m > n, i.e. tt^'Cx = n'^Cx, 
whence tt^^C^ = by (i) and Nakayama's lemma. 

Claim 1.3.4 implies that B is an object of i^-Algfg^^./;^, hence the base change functor is 
essentially surjective on the subcategory i^^-Algjgg^/^. Next, let C be any other object of 

i?- Algfg^^/^, and : B^ C^ a ring homomorphism. Choose a filtered system (C^ | fi G A') 
of objects of i?-Algfp^t/x whose colimit is C; for every A G A, let ibx ■ B^ B^ be the 
natural map; we may find G A' such that the composition o 0^ factors though a morphism 
o^mA '■ Bx ^ C^. Let a^A '■ Bx ^ C^j, be the corresponding morphism in i?-Algfp^t/^ and 
ax Bx ^ C its composition with the natural map C. One checks easily that ax does 

not depend on the choice of q;^a, and moreover, the collection (ax | A G A) is compatible with 
the transition morphisms 0aa' '■ Bx By of the filtered system (i?A | A G A), therefore it gives 
rise to a map a: B ^ C, and by construction it is clear that a ®r1r/\ — a^. This shows that the 
base change is a full functor i?-Algfg^^/;^ R^-Aig^^^^^j^. A similar argument, by reduction 
to finitely presented algebras, yields also the faithfulness of the functor, thus concluding the 
proof of assertion (i). 

(ii) : To start out, we claim that the natural map B ^ B^ is injective for every object B of 
i?-Algfg^^/j^. Indeed, let / C -B be the kernel of this map; then both B^ and (B/I)^ are the 
coproduct of B and R^ in the category of /^-algebras, hence the natural map B^ (B/J) ^ is an 
isomorphism, so the same holds for the map B — > B/I,m view of (i). Now, let T := AnnB(7r); 
clearly T 0r R^ = T, whence a right exact sequence : T B^ ^ B^ — * 0. However, T 
injects into B^, since it injects into B and B injects into B^; hence the foregoing sequence is 
short exact, which is assertion (ii). 

(iii) : Under the standing assumptions, B'^ is the colimit of the filtered family (Bx | A G A) 
consisting of all the objects of /?- Algj^^^/^ such that Bx 0k+ K = B and such that vr is regular 
in Bx- In view of (ii), the family (i?^ | A G A) consists of all the objects of i?^-Algfg^^./^ such 
that B'^ ®K+ K = B and such that tt is regular in B^, hence its colimit is (B^y. □ 

1.3.5. Let A a fr"*" -algebra of finite presentation, and (resp. A^) the henselization of A 
along its ideal ttA (resp. the vr-adic completion of A). Recall that the vr-adic completion of 
A^ is naturally isomorphic to A^. (indeed, A'^/n'^A^ is the henselization of A/n"A along its 
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ideal nA/n^'A, for every n e N [43, Ch.XI, §2, Prop.2]; therefore the natural map A/'k^'A 
i^nj^h ^ isomorphism for every n e N, which implies the claim). 

Lemma 1.3.6. In the situation of (1.3.5), suppose that A is flat over K^. Then A^ is faithfully 
flat over A^. 

Proof. To begin with, we claim that A'^ is flat over K^. Indeed, suppose that ttx = for 
some X & A^; choose a sequence {xj. | A: G N) of elements of A converging to x in the 7r-adic 
topology of A^. Then the sequence {tix^ \ k G N) converges to 0, and since A has no tt -torsion, 
it follows easily that the sequence {xk\k E N) also converges to 0, so x = 0. 

Claim 1.3.7. In order to show the lemma, it suffices to prove that A^ is flat over A. 

Proof of the claim. First, if A'^ is flat over A, then A'^ is flat over A^ as well. To conclude, by 
standard reductions, it suffices to show that a finitely generated A'^-module M vanishes if and 
only if M-^ := A'^ O^/. M vanishes. But if = 0, it follows that M/ttM = 0, and then we 
invoke Nakayama's lemma to see that M — 0. 

Hence, let us that show A'^ is flat over A; to this aim, since A/nA ~ A^/nA^, [25, Lemma 
5.2.1] says that it suffices to show that A^ := A^ ®k+ K is flat over Ak -.^ A®k+ K. Say 
that A — [Ti, . . . , T„]// for some finitely generated ideal /. 

Claim 1.3.8. tt"/ = 7 n 7r"X+[Ti, . . . , T„] for every n G N. 

Proof of the claim. By assumption Toif^ {A, /tt'^K^) — 0; hence 

//tt"/ = Ker(X+[Ti, . . . , T„]/7r"K+[Ti, . . . , T^] ^ A/n^A). 

The claim follows easily. 
By [41, Th.8.4] we have ~ X+(Ti, . . . , T„) //^, where is the completion of I for the 
subspace topology as a submodule of X+fTi, . . . , T^]; by claim 1.3.8 the subspace topology is 
nothing else than the 7r-adic topology. It then follows from [25, Prop.7.1.1](iv) that : 

hence A^ ^ K+ {T^, . . . , T„) ®k+[Ti,...,t„] A and A% - K{T^, . . . ,Tn) ®k[Ti,...,t„] Ak, hence 
we are reduced to the case where A = A'+[Ti, . . . , T„]. Let n C A^ be any maximal ideal, 
and set q := n fl Ak', it suffices to show that A^ „ is flat over Ax^q. However, it is well known 
that E := A^/n is a finite extension of K, hence the same holds for Ak/c\ C E. Choose 
any maximal ideal C A^ :— E ®k A^ ~ E{Ti, . . . , T„) lying over n and let be the 
preimage of in := i?[Ti, . . . , T„]. Since the extension A^ ^ — > is faithfully flat, we 

are reduced to showing that A^ is flat over q^. Hence we can replace Khy E and assume 
from start that yl/n ~ K, in which case n = (Ti — ai, . . . , T„ — a„) for some ai, . . . , a„ G K^. 
Clearly the n-adic completions of Ak and A^ are both isomorphic to ir[[Ti — oi, . . . , T„ — a„]], 
and by [41, Th.8.8] this latter ring is faithfully flat over both 74x,q and A^^. The claim follows 
easily. □ 

2. Study of the discriminant 

2.1. Discriminant. Let i? — > 5 be a ring homomorphism such that 5* is a free i?-module of 
finite rank. Every element a E S defines an i?-linear endomorphism 

fia : S ^ S b ^ ab 

whose trace and determinant we denote respectively by tTs/R{a) and Nm5/R(a). There follows 
a well-defined it!-bilinear trace form 

Tts/r: S ^rS ^ R a^b^tis/R{ab). 
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It is well known (see e.g. [25, Th.4.1.14]) that Tr s/r is a perfect pairing if and only if S is etale 
over R. Pick a basis ci, . . . , of 5"; one defines the discriminant of S over R as the element 

:= det{Tr s/R{ei ® Cj) \ 1 < i, j < d) e R. 

One verifies easily that Vs/r is well defined (i.e. independent of the choice of the basis) up to 
the square of an invertible element of R. 

2.1.1. Let i? be a (not necessarily commutative) unitary ring; for any integer m > we let 
Mjn{R) be the unitary ring of all m x m matrices with entries in R. For every a E R and 
every pair of integers i,j < m we denote by Eijia) G M„i{R) the elementary matrix whose 
-entry equals a, and whose other entries vanish; moreover, sometimes we may denote by 
Ijn the unit of Mm{R). If n > is any other integer, we let 

an : Mn{Mra{R)) ^ Mnm{R) 

be the unique ring isomorphism such that 

Eij{Eki{a)) ^ E^rn-i)+k,jim-i)+i{a) for all a G i?, 1 <i,j <n, 1 <k,l <m. 

Suppose now that t := (tij) G Af„(Mm(i?)) is a matrix whose entries Uj commute pairwise; let 
T c Mm{R) be the commutative ring generated by all the ; we can then view t as an element 
of Mn{T) so that its determinant is well-defined as an element of T. To avoid ambiguities, we 
shall write detniUj \ 1 < i,j < n) for this determinant. 

Lemma 2.1.2. With the notation of (2.1.1), suppose that the ring R is commutative and let 
t (tij \ i < i, j < n) E Mn{Mm{R)) be an element such that all the matrices Uj G Mm{R) 
commute pairwise. We have the identity: 

(2.1.3) det(det„(ijj | 1 < i, j < n)) = det(Q;„(i)). 

Proof. We proceed by induction on n, the case n — 1 being trivial. Hence, assume n > 1; 
suppose first that tu G Mm{R) is an invertible matrix. It follows that the matrix 

n 

s:=En{tn) + Y,Ekk{lm) 

k=2 

is invertible in Mn{Mm{R)), and obviously its entries commute pairwise and with the entries 
of t; furthermore the sought identity is easily verified for s. Since both sides of (2.1.3) are 
multiplicative in t, we are therefore reduced to verifying the identity for ■ t, hence we can 
assume that tn = Im- Next, let 

n 

e := (lm)n - y^^Eikjtik). 

k=2 

Clearly e is invertible in Mn{M,n{R)), and again its entries commute both pairwise and with the 
entries of t; thus it suffices to show the sought identity for e and for e~^-t. The identity is obvious 
for e, therefore we can replace t by ■ t and assume that tij — Sij ■ 1^ for every j < n. In this 
case, detn{tij \1 < i^j < n) equals the determinant of the (n— 1) x (n— 1) -minor t' obtained by 
omitting the first row and the first column of t, and det{an{t)) = det(a„_i(t')). By inductive 
assumption, the sought identity is already know for such a minor, so the proof is complete in 
case tu is invertible. For a general t, we notice that det(tii + Al^,) is a non-zero-divisor in 
the free polynomial i?-algebra R[X] and consider the localization S :— R[X, det(tii -I- Alm)~^]. 
The assumptions of the lemma are verified by the matrix t" := t + Eii{Xlm) G M„(M„j(S')) 
and moreover t"^ is invertible in M„(5'), so (2.1.3) holds for t", and actually yield an identity 
in the subring R[X\ of S. After specializing the latter identity in A = 0, we deduce that (2.1.3) 
holds for t as well. □ 
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Proposition 2.1.4. Let A ^ B ^ C be maps of commutative rings and suppose that B (resp. 
C) is a free A-module (resp. B-module) of finite rank. Let r :— rkfiC. Then we have: 

Proof. Let d :— rky^i?; pick bases ei, . . . , £ -B of the 74-module B and /i, . . . , G C of the 
S-module C; clearly the system (cj/j \ i < d,j < r) is a basis for the free A-module C of rank 
dr. We let T e Mj.{Ma{A)) be the element whose (j, j')-entry is the matrix Tjji such that 

{Tjj,)ii' := trc/A{eifjei>fji) for every l<i,i' <d. 

In the notation of (2.1.1), we have Vc/a — det{ar{T)). Moreover, let M e Mr{B) (resp. 
N e M(i(A)) be the matrix such that Mjjv := i^c/B{fjfj') (resp. such that A^jj/ := t'^s/Ai^i^i'))', 
by the transitivity of the trace, we can write 

(2.1.5) {Tjj')ii/ = trB/A(ejei/ • Mjj,). 
Let ji: B ^ Md{A) be the unique ring homomorphism such that 

d 

bci = ^ i^{b)kiek for all b e B. 
k=i 

Especially: ei^Mjji = Ylk=i l^i-^jj')ki'^k and consequenly: 

d d 

(2.1.6) ti B/A{eiei'Mjj>) = ^fj.{Mjj>)ki' ■ tiB/A{ekei) = ^ iV^fc ■ ii{Mjji)kii. 

k=l k=l 

Finally, let A(N),i^(M) e Mr(Md(A)) be the matrices such that 

A{N)jj> := N ■ 5jj> //(M),y := //(M,y ) for all 1 < j, f < r. 
Taking into account (2.1.5) and (2.1.6) we see that 

T = A(iV) ■ /i(M) 

whence, an application of lemma 2. 1 .2 delivers the sought identity. □ 

2. 1 .7. In the situation of (2. 1) we let 

Ts/R-.S^S* := RomR{S,R) 

be the map such that Ts/R{b){b') = Tis/nib b') for every b,b' G S. Notice that S* is an 
S'-module with the natural scalar multiplication defined by the rule: [b ■ 0)(b') := </)(66') for 
every b,b' e S and (j) e S*. With respect to this ^-module structure, r is ^-linear; thus, we can 
define the dijferent ideal 

S!s/R := Ann5(CokerT5/ij) C S. 
In this generality, not much can be said about the ideal S^s/r- However, suppose furthermore 
that there is an isomorphism of jS'-modules uj : S* S; ii follows easily that S^s/r. is the 
principal ideal generated by (5 :— u o r(l). Denote by 'Hm.s/R{&s/R) C R the principal ideal 
generated by Nm5//j((5). 

Lemma 2.1.8. Under the assumptions of (2. 1.7) we have the identity: 

Nm5/ij(^5/ij) = l)s/R- 

Proof. Indeed, let r := rk^^'; directly from the definition we deduce that 

fs/ii = Anni^(Coker A^T5/j?) = Anni^(Coker A^(a; o ts/r)). 
which implies straightforwardly the assertion. □ 
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Example 2.1.9. Suppose that i? is a henselian valuation ring and S is the integral closure of R 
in a finite extension of the field of fractions of R; moreover suppose that 5" is a finitely presented 

/?-module. Then actually 5' is a free /?-module of finite rank. Notice that is a valuation ring 
and an iS-module is S-torsion-free if and only if it is i?-torsion-free; in particular we see that 
S* is a finitely presented ^-torsion-free ^-module, hence it is free over S (see e.g. [25, lemma 
6.1.14]) and clearly iksS* — 1, so lemma 2.1.8 applies to the extension R c S. Moreover : 

Lemma 2.1.10. Keep the assumptions of example 2.1.9 and suppose moreover that the valua- 
tion I • Iro/R has rank one; let d :— rkjiS. Then: 

(i) In case the valuation \ ■ \r is discrete, |f > Iti'Ir''^"''^^^^ • 1^1*^, where n e R is a 
uniformizer ofR and e is the ramification index of S over R. 

(ii) In case the valuation \ ■ IrIs not discrete, \^s/r\ ^ Ml''- 

Proof. Obviously tis/nidr^) = 1 in either case. If the valuation of R is discrete, we can write 
tis/ni'^'^^ • dr^) = n^^, hence n^^ ■ dr^ ^ ^s}r ^^'^ consequently S^^J^ C ns ■ ^r^^ ■ dr^S 
(inclusion of fractional ideals, where tt^ is a uniformizer for S). The bound then follows easily 
from lemma 2.1.8. In case the valuation is non-discrete, the same argument yields the weaker 
estimate: ^sJr C x ■ d'^S, for every x with \x\r < 1, whence the sought inequality, again by 
lemma 2.1.8. □ 

Lemma 2.1.11. Let R be a valuation ring and S2 C -^i two R-algebras that are both free of 
the same finite rank as R-modules. Then we have: 

^S2/R = Fo{Si/S2)'^ ■ ^Si/R- 

Proof. (Here Fq denotes the Fitting ideal of the torsion i?-module S1/S2.) This is a special case 
of [25, Lemma 7.5.4]. □ 

The following example will play a key role in later sections. 

Example 2.1.12. Let K, K+ and tt be as in (1.3). As usual, one lets K+{Ti, . . . , r„) be the 
TT-adic completion of X+fTi, . . . , We consider the (continuous) ring homomorphism 

Notice that K'^{S, T) /{ST — tt^) is generated over K^{i) by the class of S, which satisfies the 
integral equation 

S"^ -S^ + TT^ = 0. 

The matrix of the trace form for the morphism ^, relative to the basis (1, S) is: 

2 i 

Finally, the discriminant of ^ is 0^ := — 47r^. 

2.2. Finite ramified coverings of annuli. We keep the notation and assumptions of (1.3), and 

we suppose additionally that K is algebraically closed. 

2.2.1. We shall use rather freely the language of adic spaces of [29] and [30]. For a quick 
review of the main definitions, we refer also to [25, §7.2.15-27]. Recall that such an adic space 
is a datum of the form (X, 0'x, ^x), where (X, 0'x) is a locally ringed space and 
is a subsheaf of rings satisfying certain natural conditions (see loc.cit.); moreover such an adic 
space is obtained by gluing qffinoid open subspaces that are adic spectra Spa A attached to 
certain pairs A := (A'^, A+) consisting of a ring and an integrally closed subring A'^ C A^. 
For every x G X we shall denote : 

• k{x) the residue field of ^x,x^ which is a valued field whose valuation we denote | • 
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• {k{x)^, I ■ 1;^) (resp. {k,{x)'^, \ ■ |^)) the completion for the valuation topology (resp. the 
henselization) of | • 

• {k{x)^'^, I • l^'') the henselization of {k{x)^, \ ■ |^). 

In agreement with (1.1.3), we shall write for the valuation ring of the valuation | • l^;, and 

likewise we define k{x)^^ and so on. For future reference we point out : 

Lemma 2.2.2. Let X be an analytic adic space, x & X any point and y E X a specialization 
ofx. Then the induced map K,{y)^ — > k,{x)^ is an isomorphism of complete topological fields. 

Proof. It follows directly from [30, Lemma l.l.lO(iii)]. □ 

Remark 2.2.3. Let / : X — > y be a finite map of analytic adic spaces, x E X any point and 
y :— f{x). Notice that the extension of valued fields (^(y), | • l^/) C | • |^) is usually not 

algebraic, whereas the induced map on completions : 

i<y)\ I • i;) - I • L") 

is always a finite algebraic extension ([30, Lemma 1.5.2]), but the latter does not necessarily 
induce a finite map between the corresponding valuation rings (see (2.2.16)). That is why it is 
useful to take henselizations : the induced ring homomorphism fi:(y)^'*+ k{x)^'^^ is finite. 

2.2.4. Following R.Huber ([29], [30]), we call a K-affinoid algebra a pair A := (A^, A+), 
where A'^ is a X-algebra of topologically finite type and is a subring of the ring A° of all 
power-bounded elements of A'^. We shall consider exclusively affinoid rings A of topologically 
finite type over K; for such A one has always A^ = A°. The subring A° is characterized by a 
topological - rather than metric - condition. Hence in principle the notation of this section may 
conflict with (1.1.3). However, when A'^ is reduced, one knows that the supremum seminorm 
I • I sup on is a power-multiplicative norm ([6, §6.2.4, Th.l]), and furthermore in this case 
A° = {a E A^ \ |a|sup < 1} ([6, §6.2.3, Prop.l]). For any such A we shall also write ^~ := 
A°/mA°. 

2.2.5. Another possible source of confusion is the following situation. Let A be a normal 
domain of topologically finite type over K, and endow A with its supremum norm | ■ |sup; 
let also y4 — > i? be an injective finite ring homomorphism. According to proposition 1.1.11, 
B is endowed with its spectral seminorm | ■ |sp; on the other hand, B can also be endowed 
with its supremum seminorm and the problem arises whether these two seminorms coincide. 
According to [6, §3.8.1, Prop.7], this turns out to be the case, provided that B is torsion-free as 
an A-module. 

Lemma 2.2.6. Let Abe a reduced affinoid K -algebra of topologically finite type. Let U C 
X :— Spa A be an affinoid subdomain. Then ^x{U) is reduced. 

Proof. It suffices to show that, for every maximal ideal q C B :— &x{U), the localization is 
reduced. However, by a theorem of Kiehl, is excellent (see [11, Th.l. 1.3] for a proof), hence 
it suffices to show that the q-adic completion B'^ of -Bq is reduced. Let p := q fl A; since U 
is a subdomain in X, the natural map A ^ B induces an isomorphism of complete local rings 
~ B'^, so we are reduced to showing that A'^ is reduced, which holds because A^ is reduced 
and excellent (again by Kiehl's theorem). □ 

2.2.7. For every a,h with a < 6, we denote by D(a) the disc of radius a, and by D(a, h) 
the annulus of radii a and h. Say that a = |q;| and h— for a, /3 e ; then 

D(a, h) := Spa A(a, h) and D(a) := SpaA(a) 

where A{a, h) (resp. A{a)) is the affinoid X-algebra of topologically finite type such that 

A(a, hf := K{a/i, i/^) (resp. A^af := K{i/a)). 
Hence A(a, h)+ = A{a, by = K+{a/^, and A(a)+ = A(a)° = K+{i/a). 
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2.2.8. Let X be any adic space locally of finite type over SpaX and with dimX = 1. The 
points of X fall into three distinct classes, according to whether: (I) they admit neither a proper 

generalization nor a proper specialization, or (II) they admit a proper specialization, or else (III) 
they have a proper generalization. For every point x E X oi class (III), we shall denote by 
the unique generization of a; in X, so x^ is a point of class (II). The value group F^; of | • \x 
admits a natural decomposition (see [31, §1.1 and Cor.5.4]) 

F, ^ F^'^ © (7o) 

where V^^ is the maximal divisible subgroup contained in F^-, and (70) ~ Z is the subgroup 
generated by the element 70 uniquely characterized as the largest element of the subset F+ \ {1} 
(notation of (1.1.1)). 

2.2.9. For instance, take X := (A^)^*^, the analytification of the affine line. The topo- 
logical space underlying (Aj^ consists of the equivalence classes of continuous valuations 
V : K[(] V y extending the valuation of K. These valuations are described in [31, §5]: to the 
class (I) belong e.g. the height one valuations of the form 

/(O^ 1/(^)1 for all /(O e 

where x E K = A^(i^) is any element (these are the i^-rational points of (A]^)^'^). The 
valuations of classes (II) and (III) are all of height respectively one and two. The elements of 
these classes admit a uniform description, that we wish to explain. To this aim we consider an 
imbedding of ordered fields 

(R,<) (M(5),<) 

where R(£) is a purely transcendental extension of M, generated by an element e such that 
< £ < r for every real number r > 0. One can view W{e) as a subfield of the ordered field 
of hyperreal numbers *R (see [27]). For every x e K, every real number r > and every 
a; e {1, 1 — £, 1/(1 — e)} C R{e) consider the valuation 

n 

I • \r.u, ■ K[^] R{e) : ^ aj(^ - x)"^ 1-^ max(|aj| • r* • a;' | i = 0, . . . , n). 

i=0 

If = 1, this is the usual Gauss (sup) norm attached to the disc of radius r centered at the point 
x; this is a valuation of height one. For 7^ 1 we get a valuation which should be thought of 
as the sup norm on a disc of radius r • to, again centered at x; this new kind of valuation is a 
specialization of | ■ |,., and indeed all the specializations of the latter occur in this manner. If 
r ^ Tk, then \ ■ \r belongs to the class (I); in this case the valuations | ■ |r <^ are all equivalent, 
regardless of cu, and therefore they induce the same point of (A^^^)'^'^. If r e Tk then | • |r is in 
the class (II); in this case the | ■ 1^.^^ for 7^ 1 are two inequivalent valuations of height two, 
hence of class (III), and indeed all valuations of class (IE) arise in this way. 

2.2.10. Let a, b G F^^- with a < b. For r G (a, 6] HFa', the valuation | ■ \r(i-e) extends to A{a, b) 
by continuity; if moreover r > a, then the point of (A]^)'*'^ corresponding to this valuation lies 
in the open subdomain D(a, h). This point shall be denoted henceforth by r]{r), and to lighten 
notation we shall write K{r) (resp. K{r^)) for the residue field of ri{r) (resp. of r7(r)''). Notice 
that K{r) is also the same as the stalk i^D(a,6),»;(r)- 

Likewise, if r G [a, b) fl F^^, the valuation | ■ |r/(i-£) determines a point ri'{r) of (A^)^'^ that 
lies in the open subdomain D(a, b); the residue field of ri'{r) shall be denoted K'{r). Notice that 
r^{rf = r]'{rf. 
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2.2.1 1. Let / : X — > D(a, b) be a finite and flat morphism of affinoid adic spaces of degree d, 
and suppose that X is reduced (i.e. X — SpaB where S is a reduced flat affinoid algebra of 
rank d as an ^4(0, 6)-module). For every r e (a, b] n Tk, we set : 

which is a reduced finite fi;(r)-algebra, in view of lemma 2.2.6. We endow ^(r) with the 
spectral norm | • \sp,r)(r) relative to the valuation | • it follows that 

Lemma 2.2.12. In the situation of (2.2.1 1), let y e D(a, b) any point. Then f^^{y) is the set of 
all the valuations on {f*^x)y that extend the valuation \ • \y corresponding to y. 

Proof. Let X = Spa(i?'^, 5°); the topology of is the /I (a, 6) -module topology, i.e. the 
unique one such that the family of A (a, 6)°-submodules {7rB° |7rGm\{0})isa fundamental 
system of neighborhoods of 0. Let By :— B^ <8)a(o,6)> — {f*^x)y', similarly By has a well- 
defined ^j,-module topology and the fibre f~^{y) consists of the continuous valuations | • |' on 
By extending the valuation | • 1^^, and such that 

(2.2.13) |sr<l forallseS°. 

Let I • I' be any valuation on By extending \ • \y, and let p C -B^^ be the support of | • |'; the 
quotient topology on E := By/p is the «;(^/)-module topology, where K{y) is the residue field 
of y. However, let Ty and Te be the value groups of | ■ |j/ and respectively | ■ 1^;; since [Te '■ Ty] 
is finite, it is easy to see that | ■ |' is continuous. Hence, continuity holds for all | ■ |' extending 
I ■ \y, and since anyway B° is the integral closure of A{a, b)° in B'^, the same goes for condition 
(2.2.13). □ 



2.2.14. In the situation of (2.2.11), let x G X be a point of class (111). The valuation | • |a; is 
an extension of the valuation | ■ : K{f{x)) ^(e), hence its value group can be realized 
inside the multiplicative group of the field ]R((1 — s)^/'''), which is an algebraic extension of 
]R(e) of degree d\, admitting a unique ordering extending the ordering of W{e) (again, one can 
think of all this as taking place inside the hyperreal numbers; of course, there is no real need to 
introduce this auxiliary field: it is nothing more than a suggestive notational device). In terms 
of the decomposition of (2.2.8), we have rf"" c M>o and (70) C {(1 - e)^ | i e ^Z}. We shall 
consider the two projections: 

r.^rf : 7^7^ and r, ^ iz : 7 ^ 7^ 

where 7'' is characterized by the identity 

(1 — ey'^ ■ 7^ = 7 for every 7 G T^. 

Sometimes it is more natural to use an additive (rather than multiplicative) notation; in order to 
switch from one to the other, of course one takes logarithms. Hence we define : 

(2.2.15) log7 := log 7^ -7^ •£ G M + £M for every 7 G T^. 

The composition 

5-^rfu{0} : s^\st 

is a continuous rank one valuation of B and determines the unique generization of x in 
X. If we view M((l — eY^^-) as a subfield of the hyperreal numbers, then the projection |s|^ 
corresponds to the shadow of the bounded hyperreal \s\x. 
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2.2.16. The ring ^{r) is a product of finite field extensions Fi x • • • x of i^,,(r), and the 
factors Fj are in natural bijective correspondence with the elements of the fibre f~^{rj{ry) (see 
also [30, Prop. 1.5.4]). Moreover, ^{r)~^ decomposes as the product x ■ ■ ■ x F^, where Fj' 
is the integral closure of /t(r)+ in Fj. The valuation ring /t(r)+ is not henselian, hence it may 
occur that F^ is not a valuation ring, but only a normed K(r)"'"-algebra; that happens precisely 
when there are distinct points x.y E f^^ivii")) such that = (see example 2.3.13). 

Lemma 2.2.17. In the situation of (2.2.1 1), suppose furthermore that the morphism f is gener- 

ically etale. Then, for every r G (a, h] fl Vk we have: 

(i) The normed ring {^{r)~^, \ ■ |sp,?7(r)) is a free cartesian K,{r)^ -module of rank d. 

(ii) |s|sp,77(r) = max(|s|a; I X e f~^{r){r))) for alls e ^{r). 

(iii) Let us view ^{r)~^ as a submodule of the normed cartesian module {^{r), \ ■ |sp,T)(r-)). 
so that the value \^{r)^\s^^ri{r) is defined (notation of (1.2.25)j. Then: 

where ^f^^{ri{r)) denotes the cardinality of the fibre f^^{ri{r)). 

(iv) IfRc ^{r)'^ is a finite K,{r)'^ -algebra such that R K — 3§{r), then R — 3§{r)'^ 
if and only if R/mR is a reduced -algebra. 

Proof, (i): under the current assumptions, the field extension K{r)^ C k{x)^ is finite (see 
remark 2.2.3(i)) and separable. Let us set : 

^(r)^+ := ^(r)+ ®,(,)+ «(r)^+ ^(r)^ := ^(r) ®,(,) K{rf. 

Since ^{r) is an etale «;(r) -algebra, e^(r)^ is an etale «;(r)^-algebra, especially it is reduced; by 
flatness, 3§{r)^'^ is a subalgebra of ^{r)^, hence it is reduced as well. Hence lemma 1.2.3(ii) 
applies, and reduces to showing that {^{r)^~^, | ■ |^p) is a free cartesian «;(r)^"'"-module of rank d. 
Furthermore, proposition 1.3.2(iii) implies that ^(r)^"*" is normal, hence it is the direct product 

(2.2.18) ^(r)''+ = L+ X • • • X L+ 

of finitely many normal domains, and each is the integral closure of K,{r)^'^ in a finite 

algebraic extension Lj of K(r)^. Notice as well, that K,{r^)^~^ is henselian, since it is complete 
and of rank one; hence ®K(r)^+ fi{r^)^~^ is a valuation ring whose valuation extends | ■ 1^^^^^. 
On the other hand, by lemma 2.2.12 the points of x e f~^{v{f)) correspond to the valuations 
I • la: on ^(r) that extend | ■ \r){r)', these are also the valuations on ^(r)^ that extend | ■ |^^^^. 
Hence, the decomposition (2.2.18) induces a partition 

/-i(r/(r)) = EiU---USfc 

where, for each i < k,T,i is the set of valuations of Lj that extend 
By lemma 1.1.17(ii), we are reduced to showing : 



lA 



Claim 2.2.19. For every i < A;, let | ■ |sp,i be the spectral norm of the «;(r)^-algebra Lf, then 
(Lf, I ■ Isp^j) is a /t(r)^+-cartesian module. 

Proof of the claim. It suffices to show that the finite field extension K{r)^ C Li fulfills conditions 
(a)-(d) of proposition 1.2.8. However, condition (a) is none else than [31, Lemma 5.3(ii)]. Next, 
say that Ej = {xi, . . . , xi}, and let Fi, . . . , be the value groups of the residue fields K,{xi). 
By inspecting the construction, one sees easily that x\ ~ x'j for every i,j < I, which means 
that the subgroup Aij C Fj defined as in (1.2.7), is the unique convex subgroup corresponding 
to x\, so (d) holds, and also (b) is clear. Finally, (c) follows easily from [25, Cor.5.4 and 
Prop.l.2(iii)]. 
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(ii): In view of lemma 1.1.17(i.a), it suffices to show the analogous identity for 

\Ah ^ 
I sp, r;(r)y 

\Ah _ TT ,^(r^\Ah 



By the proof of (i) we know that ^{r) = Y[xef-^(ri(r)) f^{x) , so the assertion follows from 
lemma 1.1.17(ii),(iii). 

(iii): In light of lemma 1.2.3(i) it suffices to show the same identity for \^{r)^''+ff; how- 
ever, from [31, Prop.l.2(iii) and Cor.5.4] we deduce that 



,^.Ah+^Ah^ 



2 

for every x E f^\r]{r)); then the assertion follows easily. 

(iv): Suppose first that R/mR is reduced. According to (i), i? is a finitely generated sub- 
module of a free K(r)+-module of finite rank; hence it is free as a «;(r)+-module. Hence every 
X E R can be written in the form x = ay for some a G and an element y E R whose image 
in R/mR does not vanish. It follows that every x G 3§{r) can be written in the form x = ay for 
some a E K and some y E R \ mR. Let now x E <^(r)+, and suppose that x = ay for some 
y E R\ mR and a E K with \a\ > 1; clearly x is integral over R, so we can write 

+ bix""-^ + . . . + 6„ = 

for some hi, . . . ,hn E R. Hence 

+ ha-Y~^ + ■■■ + &na"" = 0. 

In other words, |/" G mR, whence y E mR, since R/mR is reduced; the contradiction shows 
that it! = ^(r)+. Conversely, suppose that R — ^(r)+ and let x G i? whose image in R/mR is 
nilpotent; then G mR forn G N large enough, say = ay for some a E m and y E R. We 
can write a = b'"-c for b.cEm, so (x/b)^ = cy E R, so x/b E R, since the latter is integrally 
closed in R ®k+ K. Finally, x E mR, as claimed. □ 

Lemma 2.2.20. In the situation of (2.2.1 1), let r E (a, b] fl V^, U C D(a, b) an open neighbor- 
hood of r]{r), s E T{U, f^^i^x) and set k := |s|sp^(^) ^ Then there exists r' E {a,r) such 
that: 

(i) r]{t) E U for every t E (r', r] n T^. 

(ii) \s\spMt) = klsp,r,(r-) • {t/rf whenever t E (r',r] n Tk- 

Proof, (i) is obvious. In order to prove (ii), consider an integral equation 

where gi E T{U, ^D(a,6)) for every i < n. It is easy to see that the assertion for s will follow 
once the same assertion is known for the sections gi, . . . ,gn. Hence, we are reduced to the case 
X = D(a, b). We can also assume that there exist ai, . . . ,am & K such that \ai\ = r for every 

i < m and 

m 

C/ = D(r',r)\|jE, 

i=l 

where = {p G D(r', r) | |^ — ai\p < r} (so each Ej is a closed subset of D(r', r)). Then, in 
view of [24, Prop.2.8] we have a Mittag-Leffler decomposition 

m 

s ^ so + si + y^^hj 

1=1 

where 

oo oo oo 

So = ^anC Si^^^bnC hi = ^ Ci^ni^ - (i = l,...,m) 

n=0 n=l n=l 
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for coefficients an,bn, Ci^n G K subject to the conditions: 



lim r^lori 



lim r' 

n— ►oo 



lim r 

n— »oo 



0. 



Recalling the standard power series identity: 

oo 

we deduce that 



fe=0 



-n 



-n—k^k 



sup |6„| -r'Xi 

n>0 



for every t G (rV] Pi Tk 



and 



where 



So 



m 
i=l 



sup |4| 
ken 



e)^ for every t e (rV] fl Tk- 



4 = + 



i=l n=l 



-n 



A; 



-n—k , 



for every A; e N. 



Notice that ^ |so + Y^=\ ^■i\n{t) for every t e (r', r] fl F^, therefore 



= max 



1^1 1 ,,(*), 



i=l 



and hence it suffices to prove assertion (ii) separately for s\ and sq + Xlilli ^j- 

The coefficients enjoy the following property. There exists a smallest /cq e N such that 

Idfeol = sup |4| • r''. 

fceN 



Namely, /cq is the unique integer such that 

rn 



So 



Id 



■'so I 



ko 



Thus, when evaluating |so + YlT=i !»?(<) fo^" ^ < we can disregard all the terms dk^^ for 
k > ko, since their norms decrease faster than that of the leading term o?fcoC*^°- There remain 
to consider the finitely many monomials do, di^, . . . , rffeo-i^'^""^; however, it is clear from the 
definition of ko that the norms of these terms are still strictly smaller than the norm of the leading 
term dk^i'^^, as long as t is sufficiently close to r. Thus, we can replace the section sq + YlT=i 
by its leading monomial, for which the sought assertion trivially holds; an analogous, though 
easier argument also works for si : we leave the details to the reader. □ 

2.3. Convexity and piecewise linearity of the discriminant function. The assumptions and 
notations are as in (2.2). The statements proven so far make use of only a few relatively simple 
local properties of the sheaf ^1^; nevertheless, they would already suffice to prove most of the 
forthcoming proposition 2.3.11. However, in order to show theorem 2.3.35, it will be necessary 
to cast a closer look at the ring of global sections of the following lemmata 2.3.1, 2.3.2 

and proposition 2.3.5 will provide us with everything we need. 

Lemma 2.3.1. Let A ^ B be a finite morphism of K -algebras of topologically finite type. Then 
A° is of topologically finite presentation over and B° is a finitely presented A°-module. 
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Proof. By [6, §6.4.1, Cor.5] we know that B° is a finite A°-module; moreover, applying loc.cit. 
to an epimorphism K{Ti, . . . , T„) — > A we deduce that A° is finite over ir+(Ti, . . . , T^). By 
[25, Prop.7.1.1(i)] we deduce that A° is finitely presented as a K~^{Ti, . . . ,r„)-module, and 
also that B° is finitely presented over A°. □ 

Lemma 2.3.2. Let B be a flat, reduced -algebra of topologically finite type, and set A :— 

B ®K+ K. Then B = A° if and only ifB/mB is reduced. 

Proof. (Notice that the assertion is a global version of lemma 2.2.17(iv), and indeed its proof is 
analogous to that of the former.) 

Claim 2.3.3. B/aB is a free i^+Za/T"'" -module for every a e m. 

Proof of the claim. By [25, Prop.7.1.1(i)] we have B ^ K+{Ti, ...,Tr)/I for some r > 
and a finitely generated ideal /. It follows that B/aB ^ / aK^\Ti, . . . , T^J/J, where J is 
the image of /. We can write /aK^ = Uaga the filtered union of its noetherian local 
subalgebras Rx. By [21, Ch.IV, Prop.8.5.5] we can find A e A and a finitely presented flat 
-algebra Bx such that B/aB ~ B\ K^/aK^. It suffices to show that Bx is a free 
i?A -module; however, since Rx is artinian, this follows from [41, Th.7.9]. 

Claim 2.3.4. A° is the integral closure of B in A. 

Proof of the claim. Choose a continuous surjection cj) : C :— K^{Ti, . . . ,Tr) — > S. It suffices 
then to notice that C ^ (C 0k+ K)° and apply [6, §6.3.4, Prop.l]. 
By claim 2.3.3, every x E B \ {0} can be written in the form x — ay for some a G and 

an element y E B whose image in B/mB does not vanish. It follows that every x E A\ {0} can 
be written in the form x = ay for some a E K and some y E B\ mB. After these remarks, one 
can proceed as in the proof of lemma 2.2. 17(iv): the details shall be entrusted to the reader. □ 

Proposition 2.3.5. Let {F, \ ■ \f) be a complete algebraically closed valued field extension of 
K, such that \ ■ \f is a valuation of rank one. Let Abe a normal domain of topologically finite 
type over K, such that A~ is a principal ideal domain, B a finite, reduced and flat A-algebra, 
and g E A such that \g\sup — 1- Set Ap := A<S)kF. Then : 

(i) B° is a free A°-module offlnite rank. 

(ii) B{g-y = B° ®A^A{g-y. 

(iii) {B^aAfY = B° (g)Ao A°p. 

Proof. To start out, let us endow A and B with their supremum norms; then by (2.2.4) and [6, 
§3.8.1, Prop.7], we have A° = A+ and B° = S+. By lemma 2.3.1 we deduce that is of 
topologically finite type over and S+ is finitely presented over A+. 

Claim 2.3.6. B^ is free of finite rank over 

Proof of the claim. By the foregoing we know already that B^ is finite over A^, hence it suffices 
to show that S~ is torsion-free as an A~-module. However, under the current assumptions the 
norm | • js^p on ^4 is a valuation ([6, §6.2.3, Prop.5]). It follows that 

(2.3.7) |6|sp = maxv{b) for all 6 e S 

where v ranges over the finitely many extensions of the supremum valuation of A to i? ([6, 
§3.3.1, Prop.l]). For each such let supp(w) := f~^(0), which is a prime ideal of and denote 
by By C Frac(i?/supp(u)) the valuation ring of the valuation induced by v on B/supp{v). 
Since Tk is divisible, it is easy to see that mB^ is the maximal ideal of B^. From (2.3.7) it is 
clear that C Ylv^v/^B^. Finally, for every v the field By/mBy is a finite extension of 
Frac(A~), especially it is torsion-free over and the same holds then for B^. 



28 



LORENZO RAMERO 



From claim 2.3.6 and [21, Ch.lV, Prop. 8.5.5] it follows that there exists tt e m such that 
S+/7rS+ is flat over A'^/nA^. In view of [25, Lemma 5.2.1] we conclude that S+ is flat, 

hence projective over A'^. Finally, a standard application of Nakayama's lemma shows that any 
lifting of a basis of is a basis of the A+-module B+, which proves (i). 

Claim 2.3.8. The ring C := B° A{g-^y is reduced. 

Proof of the claim. From (i) we deduce that the natural map 

B° A{g-'y ^ B{g-') = B° A{g-') 

is injective. Hence it suffices to show that B{g~^) is reduced, which holds by lemma 2.2.6. 

In view of claim 2.3.8 and lemma 2.3.2, assertion (ii) will follow once we know that C/mfcC 
is reduced. However, the latter is isomorphic to B^ 74~[^~^], where g e A'" is the image 
of 9 ([6, §7.2.6, Prop. 3]). Again lemma 2.3.2 ensures that S~ is reduced. 

(iii): According to [11, Lemma 3.3.1.(1)], Bp :— B (g)^ Ap — B° 0a° Ap is reduced. From 
(i) we deduce that D := B° ®a° ^ subalgebra of Bp, so it is reduced as well. Hence in 

order to prove (iii) it suffices, by lemma 2.3.2, to show that D/mpD is reduced (where rriiT' is 
the maximal ideal of F+). However, D/mpD ~ B^ F~ and the extension is 
separable, so everything is clear. □ 

2.3.9. Let a,h e Vk with a < b and f : X ^ B(a, b) a finite, flat and generally etale 
morphism, say of degree d. For every r e [a, b] fi Tk we define: 

^{rf := 

It follows easily from proposition 2.3.5(ii) that 

(2.3.10) ^{rf = e^(r)+ ®«(^)+ /t(r^)+ for every r G (a, b] n Tk 

(notation of (2.2.10) and (2.2.11)). 

2.3.11. The apparent asymmetry between the values a and b can be easily resolved. Indeed, 
let us consider the isomorphism 

q:3{l/b,l/a)^3{a,b) : ^ ^ 

and let g := o /. For every r G (1/6, 1/a], the image q{7]{r)) is the point r]'{l/r) (notation 
of (2.2.10)). Hence, g* : <^D(i/f>,i/o) 9*^x endows {f*^x)n'ia) ^^^^ ^ structure of K,{l/a)'^- 
algebra, and since r]'{a)^ = ri{af, we deduce that an identity analogous to (2.3.10) holds also 
for r = a, provided we replace 77(a) by ri'{a). Especially, since - according to lemma 2.2.17(i) 
- the stalk ^(r)"*" is a free fi;(r) """-module of rank d, we see that ^(r)^ is a free «;(r^)"'"-module 
of rank d for every r G [a, b] fl Tk- 

2.3.12. Now, as / is generically etale, the trace forms Tr^^^^b /K{r^)+ and Tr^(r)+/K(r)+ induce 
the same perfect pairing after tensoring with K{r^). We set 

()+(r) := ^ss{r)+/K(r)+ e i^iry for every r G (a, b] fl Tk- 

(respectively: 

c)j(r) := f>,^(^)b /K(r^)+ G K{r-^)^ for every r G [a, b] fl Tk- 

Notation of (2.1).) Since f ^(r) is well defined up to the square of an invertible element of 
K{r^)^, the real-valued function: 

5f : [log 1/6, log 1/a] n logFj^ ^ R>o - logr ^ - log |c)^(r)|^(,)b 

is well defined independently of all choices. Unless we have to deal with more than one mor- 
phism, we shall usually drop the subscript, and write 5, X)" instead of 5f, Oy.. We call 5 the 
discriminant function of the morphism /. 
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Example 2.3.13. Let f : X ^ D(a, a~^) be a finite, flat and generically etale morphism, where 
a :— \tt\ for some tt e m. Using the Mittag-Leffler decomposition [24, Prop.2.8] one verifies 
easily that A{a,a-^y = ir+(7r/^, ^/vr) ~ K+{S,T)/{ST - vr^) (alternatively, one sees this 
via lemma 2.3.2). We set h := Spa^ipx) o f : X ^ ^i'^)^ where ipx '■= '^k+ K, with ip 
defined as in example 2.1.12. A direct computation shows that 

/i-^(©(r, 1)) = /"^(D(a, a/r)) U /-^(D(r/a, a"^)) for every r e (a, 1] n Tk- 

Consequently: 

X)\{r) = ()^(r/a) • ^){a/r) whenever r e (a, 1] n 

and therefore 

(2.3.14) 8h{-p)^6f{p-\oga) + 5f{\oga- p) for p e (loga, 0] n logT^. 

Incidentally, let r]'{a) e D(l) be defined as in (2.2.10); it is easy to check that the preimage of 
ri'{a) in D(a, a~^) under Spa^'ii' is the subset {77(1), 77'(1)}. 

2.3.15. Let / : [r, s] ^ R be a piecewise linear function; for every p E [r, s) we denote by 
df/dt{p'^) the right slope of / at the point r, i.e. the unique real number a such that f{p + x) = 
f{p) + ax for every sufficiently small a; > 0. Similarly we can define the left slope df / dt{p^) 
for every p E (r, s] . More generally, the definition makes sense whenever / is defined on a 
dense subset of [r, s]. 

Example 2.3.16. Let / and g be as in (2.3.1 1). Then 

5f(p)^5,(-p) and ^(P") = -^(-P^) 
for every p E (log 1/6, log 1/a] fl log Tk- 

Proposition 2.3.17. With the notation of (2.3.12), the function S is piecewise linear; moreover: 

dS 

-(-logr+) = |t)+(r)|;(,) - 2|^(r)+|Jp^^(,) for every r E (a, 6] n T^. 
(Notation of (1.2.25).) 

Proof. By lemma 2.2.17(i) we can find an orthogonal basis Ci, . . . , q of (^(r) + , | • |sp,?7(r)) over 
(«;(r)+, I • Obviously we have iQlgp^^^^ = 1 for every i = 1, . . . , d; we set 

(2.3.18) 7, := IqIJp^^(^) E^Z for i = 1, . . . , d. 

For every i,j < d we can find uniquely determined mj^i, . . . , rriijd E «;(r)+ such that 

d 

Cj ■ Cj ^ ^ ^ijk^k- 
k=l 

For every i,j,k < d we set 

(2.3.19) Xijk := \mijkt,(r) and pijk := 

so that Xijk G [0,1] and /^ijfc G N. Since the Cj are orthogonal, it follows easily that 

(2.3.20) pijk > 7j + 1j - Ik whenever Xijk = 1. 
Lemma 2.2.20(ii) implies that 

(2.3.21) ^ E ^{srY for every i,j,k^l,...,d 
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whenever a e K'^ is an element with s := \a\ sufficiently close to 1. Clearly we have 

Ci Cj _ \ - /;/,:jA; Cfc 



(2.3.22) ±L.±L = y 



k 

which, in view of (2.3.20) and (2.3.21), means that 

d 

(2.3.23) <^^sr):^J2<'^y--^ 

i=l 

is a finite (unitary) subalgebra of ^(sr)+ for every s := \a\ sufficiently close to 1. 

Let ^(r)~ := ^(r)"*" 0k+ K^. The map b i— > \b\l^ ^^^^ induces a power-multiplicative norm 
on =^(r)~, whence a filtration Fi[*^{r)^ defined by setting: 

Fil'^^(r)~ := {b e ^(r)~ | l^lj^^^^^) > h} for every /i e ^Z. 

The filtration Fir^(r)'" restricts to a filtration Fil'^^^) on ^^^^^ := «;(r)+ 0^+ K"^. The 
associated graded ring gr'e^(r)'" can be computed explicitly. Indeed, (2.3.18) shows that 
gr'^(r)~ = gr*i^~^^^[ci, . . . , cJ, where q is the class of q in gr^'=^(r)~ for i = 1, . . . , d. 
Furthermore, for every i,j < we have the rule: 

d 

Q ■ Cj ^ ^ PijkC-k 
k=l 

where Pijk is determined as follows. If either Xijk < 1 or fXijk > 7i + 7j — 7fe, then Pijk — and 
otherwise Pijk is the class of rriijk in gr'*'^'=^^(^). 

C/a/m 2.3.24. ^(sr)/m^(sr) ~ gr»^(r)~ for every s e r+ \ {1} sufficiently close to 1. 
Proof of the claim. With the notation of (2.3.23) we have 

^(.r)/m<^(.r) = ^ 

We define an isomorphism 

(2.3.25) gr-^~(,) 
by the rule: 

g ^ g/d' (mod m^^^^^) for every g e gr"fy^(^). 

Via (2.3.25), '^(sr)/m'^(sr) becomes a free gr*^~^^.^ -module, whose rank d is the same as the 
rank of gr*<^(r)~. Obviously, we would like to extend the isomorphism (2.3.25) by setting 

(2.3.26) Cj 1-^ 0,1/0*^ for every i = 1, . . . , d. 

In view of (2.3.22), in order to prove that (2.3.26) yields a well-defined ring homomorphism, it 
suffices to show that the class of mijk/ o?^^'^^"'^'' in ^^(^^^ agrees with the image of I3ijk under 
(2.3.25), whenever s is sufficiently close to 1. This can be checked easily by inspecting the 
definitions; we leave the details to the reader. 

Claim 2.3.27. ^{sr) — ^{sr)^ whenever s e F^ is sufficiently close to 1. 

Proof of the claim.. In view of claim 2.3.24 and lemma 2.2.17(iv), it suffices to show that 
gr*^{r)^ is reduced. But this is clear, since the norm | ■ ^^^-j on ^(r)~ is power-multiplicative. 



In view of claim 2.3.27 we have 
(2.3.28) X)+{sr) = det ('IV^(..)+ ( J- ® J") \'^<hj<d)^ a'^'^^^' ■ t)+(r)^(,,) 



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 



31 



whenever s := |a| is sufficiently close to 1 (here T)~^{r)n(rs) denotes the image of V~^{r) in 
«;(rs)+; this is well-defined whenever s is sufficiently close to 1). However, one deduces easily 
from (2.3.10) that = \X>\t)\^(ty for every t e (a, b] O T^. Since we have as well: 

i=l 

the contention follows from lemma 2.2.20(ii). □ 

2.3.29. Proposition 2.3.17 expresses the slope of the discriminant function at a given radius 
r as a local invariant depending only on the behaviour of the morphism / over the point ri{r). 
We wish now to consider a special situation, where the slope can also be obtained as a global 
invariant of the ring T(X, ^x)- Namely, suppose that : X — > D(l) is a finite, flat and gener- 
ically etale morphism; proceeding as in the foregoing we attach to g a discriminant function 
6g, which clearly shall be defined over the set [0, +oo) n logri^- = — logF^. However, our 
present aim is to compute the right slope of 5g{p) in a small neighborhood of p = 0. To this 
purpose, let B° :— r(X, 0'^) and B :— B° <Sik+ K; according to proposition 2.3.5(i), B° is a 
free module, necessarily of rank d := deg(gi), over the ring A{1)° — r(D(l), ^^(i)). Clearly 
B <S)A{i) = =^(1), hence the natural map 

(2.3.30) B; := B° ^A{ir ^ =^(1)^ 

is injective. Let 5° := 5bo/a(i)°; combining lemmata 2.1.11 and 1.2.26 we deduce: 

(2.3.31) \()+(i)\\,,-2-mi)+\^ = - 2 ■ \B°\^ 

Notice that the left-hand side of this identity calculates the right slope of 8g at the point p = 0, 
hence the right-hand side is the sought global formula for this slope. 

2.3.32. The contribution |-B°|sp ^"^"^ t)e further analyzed. Indeed, let us set 

Bf B° ®^(i)o 

The ring B°^ is henselian along the ideal '^^^B°^, where is the maximal ideal of k(I)"'". Let 
qi, . . . , q/c C i?° be the finitely many prime ideals lying over p^; the ring B°^ decomposes as a 
direct product of henselian local rings: 

Bf = X • • • X 

For every i = 1, . . . , A; set 

g^(qi) := {x e g~^{j]{\)) \ dominates 

After completion, henselization and localization at qj, the map (2.3.30) yields injective ring 
homomorphisms (see the proof of lemma 2.2.17(i)) : 

(2.3.33) Bf^^m{\r^^^ n ^^T""^ 

More precisely, let ^(qi) (resp. 7t(a;)) be the residue field of B°^^ (resp. of k(x)^^"'"); the maps 

(2.3.33) induce isomorphisms ^(qj) ^ 'K{x) for every x e 5(qj)> hence the image of (2.3.33) 
lands in the seminormalization of B°'^, i.e. the subring 

(the fibre product over ^(qi) of the rings K{xiY^, where {xi, . . . , Xr} — 5^(qi)). Let us set: 
a(q,) := \F,{B^: / B°i)Q foreveryi = 1,...,^. 
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Lemma 2.3.34. With the notation of (2.3.32), we have: 



k 



2 • \B;\1^^^^^ = deg{g) + J2{2a{q,) + 0(q,) - 2). 

i=l 

Proof. (Here 0(qi) denotes the cardinality of the finite set '^{qi}.) First of all, we remark that 
7t(qj) ~ 7t(?7(l)) ~ where G is an element such that — 1 — e, 

hence |-^o('^(li))|^(i) — 1; it follows easily that 

Hence 

= 2 ■ 1^(1)^1^(1) + 2 Eii(ii^o(^(i)r + i^oii^r/oics) 

= 2 • |^(l)+l!p,,(i) + 2 Eli(mq.) - 1 + «(q.)) 

= deg{g) ~ + 2 Eli(0(q.) - 1 + «(qO) 

where the last equality holds by lemma 2.2.17(iii). Since clearly 

k 
i=l 

the assertion follows. □ 

Theorem 2.3.35. With the notation of (2.3.12) .• 

(i) 6f extends to a continuous, piecewise linear function 5 : [log 1/6, log 1/a] ]R>o with 
integer slopes. 

(ii) If moreover f is etale, then 5 is convex. 

Proof. Let (F, | • l^r) be an algebraically closed valued field extension of K with \F\f — R>o, 
and denote hy fp ■ X Xgpai^ SpaF D(a, b) Xsps,K SpaF the morphism deduced by base 
change of /; using proposition 2.3.5(iii) one sees that 5/^ agrees with 5f wherever the latter 
is defined. Hence we can and do assume from start that \K\ = M>o. Now, for the proof 
of (i) it suffices to show that 5/ is piecewise linear in the neghborhood of every real number 
p := log 1/r G [log 1/6, log 1/a]. Using a morphism g as in example 2.3.16, one reduces to 
consider the case where r > a, and study the function 5f in a small interval [p, p + x]. In such 
situation, the more precise proposition 2.3.17 shows that the assertion holds. 

Suppose next that / is etale. In order to show (ii), we need to study the function S in any 
small neighborhood of the form [log 1/r — x, log 1/r + x] C [log 1/6, log 1/a]. Assertion (ii) 
then means that the function p 5(log 1/r — p) + 5(log 1/r + p) has positive derivative in a 
neighborhood of 0. We can assume that r = 1 and x = — log |7r| for some tt G m, so we reduce 
to consider an etale morphism f : X ^ D(a, a"^) (for a := |7r|). In view of (2.3.14) we can 
further reduce to studying the morphism h :— Spa(V'/c) o / : X — > ©(I), defined as in example 
2.3.13, and then we have to show that the left slope of 6h is negative in a small neighborhood 
(x, 0]. Say that X — SpaS; in the notation of (2.3.31) we have 

(2.3.36) I = I MX^,^ = 2d = deg(^) 

by example 2.1.12 and proposition 2.1.4. Finally, in view of (2.3.31), (2.3.36), proposition 
2.3.17 and lemma 2.3.34, the sought assertion is implied by the following: 

Claim 2.3.37. Resume the notation of (2.3.32). Then 0(qi) > 2 for every i — 1, . . . ,k. 
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Proof of the claim. Recall that qi, . . . , q?; are by definition the prime ideals of B° lying over the 
maximal ideal of k(I)'*"'", or what is the same, the prime ideals of B° lying over the maximal 
ideal p := mA{l)° + of A{1)° . Now, we have already observed (example 2.3.13) that 

A{a. ary ~ /C+(5,T)/(5T-7r2),and^isthemap/s:+(0 ^ K+{S,T)/{ST-n'^) such that 
S + T. Henc&A{a,a-^y/pA{a,a-^y ~ K-[S,T]/ {ST, S + T) ~ K-[S]/{S^). Thus, 
there is exactly one prime ideal ^ C A{a, a~^)° lying over p and necessarily q^ n A{a, a~^)° ~ 
^ for every i = 1, . . . , k. On the other hand, the fibre %lj^^{ri{l)) C D(a, a^^) consists of the 
two valuations r]'{a),r]{l/a), and clearly both of them dominate the local ring A{a, It is 

now a standard fact that, for each prime ideal q^, there are valuations rji, 772 on B which extend 
respectively ri'{a) and ri{l/a), and which dominate the local ring 5°.. By lemma 2.2.12 we 
have rji,r}2 G Spa B, whence the claim. □ 

Remark 2.3.38. The continuity and piecewise linearity of the function 6f are also proved in 
the preprint [45] of T.Schmechta. He also obtains some interesting results in the case where 
the base field has positive characteristic. His methods are refinements of those of Lutkebohmert 
[40]. (However, as far as I understand, he does not prove the convexity of the function 5f.) 

2.4. The p-adic Riemann existence theorem. In this section we show how to use theorem 
2.3.35 to solve the so-called p-adic Riemann existence problem in case 7^ is a field of charac- 
teristic zero. We choose an argument that maximizes the use of valuation theory; see remark 
2.4.8 for some indications of an alternative, slightly different proof. 

2.4. 1 . Recall that a finite etale covering / : X — > D(a, 6) is said to be ofKummer type, if there 
exists an integer n > and an isomorphism g : D(a^/", 6^/") ^ X such that f o g = Spa0, 
where : A(a, b) — > A{a^/'"', h^/^) is the map of i^T-affinoid algebras given by the rule ^ >^ ^" 
(notation of (2.2.7)). 

Lemma 2.4.2. Let f : X ^ D(a, b) and g : Y ^ X be two finite etale coverings. Then f and 
g are ofKummer type, if and only if the same holds for fog. 

Proof. Left to the reader. □ 

Theorem 2.4.3. Suppose that K is algebraically closed of characteristic zero, and let f : X 
D(a, 6) be a finite etale morphism of degree d. There is a constant c := c{d) G (0, 1] such 
that the restriction /^^(D(c"^a, cb)) — > D(c^^a, cb) splits as the disjoint union of finitely many 
finite coverings ofKummer type. 

Proof. First of all, let f : Y ^ D(a, b) be the smallest Galois etale covering that dominates 
/ (i.e. such that /' factors through /); it is well-known that the degree of /' is bounded by 
d\. Suppose now that the theorem is known for /'; then we may find c G (0, 1] such that the 
restriction of /' to the preimage of D(c^^a, cb) is of Kummer type. Using lemma 2.4.2 we 
deduce that the same holds for the restriction of / to /'^(D(c~^a, cb)). Hence, we may replace 
/ by /' and assume from start that / is a Galois covering, say of finite group G. 

Next, we consider the function S : [log 1/6, log 1/a] fl logF^ — > M>o corresponding to the 
covering /. To start out, lemma 2.1.10 implies that S admits an upper bound that depends only 
on d; since S is convex, piecewise linear and non-negative and since its slopes are integers 
(theorem 2.3.35), it follows easily that we may find a constant c G (0, 1], depending only on 
the degre d, such that 5 is linear (indeed constant) on the interval [log 1/ (6c), log c/a] n log r^-. 
We may therefore assume from start that 5 is linear. Also, we may assume that a < 1 and 
b = a~^, in which case we let g := Spa^x '■ B){a,a^^) ©(1), where ^ is defined as in 
example 2.3.13, and h := g o f : X ^ D(l). Let p := mA{l)° + iA{l)° C A{1)°; in the 
proof of claim 2.3.37 we have established that there exists a unique prime ideal ^ C A{a, a~^)° 
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lying over p, and both rings K{r]'{a))~^ and dominate the localization ^4(0, 6)^; denote 
also qi, . . . , qfc C -B° the finitely many prime ideals lying over p. 

The natural map A{1)° A{1)°^ ~ -^"^[[^]] from A{1)° to its ^-adic completion, factors 
through the henselization A{1)°^ of A(l)° along its ideal p; hence := B° (^a(i)° 
decomposes as a direct product of algebras : ~ Ci x • ■ ■ x C^. Moreover, for every 
t em\ {0}, the map A(l)° A{\t\y induced by the open imbedding D(|i|) factors 
through A{iy^, and induces an isomorphism A(l)°/p ^ A(\t\)°/pt, where pt := mA(|i|)° + 
{^/t)A{\t\)°. It follows that the prime ideals of 

B° (g)A(i)° A{\t\y ~ (Ci «)A(i)°A A{\t\y) X • • • X (Cfe 

lying over p^ are in natural bijection with the prime ideals qi, . . . , q/c, and therefore every factor 
Ci{t) := Ci contains exactly one of these prime ideals. Notice that 5f~^(D(|i|)) = 

D(a/|t|, \t\/a), whence natural isomorphisms : 

f-\B{a/\t\, \t\/a)) ~ Spa(Ci(t) iT) H ■ ■ • H Spa{Ck{t) ®k+ K) 

so that the restriction of 5 to [log a/\t\, log 1 1 1 /a] fl log Vk decomposes as a sum 5 = 5i-\ h 5fe, 

where 5i is the discriminant function of the restriction 

fi : Spa(a(t) ®K+ K) P(a/|t|, \t\/a) 

for every i < k. Since every such 5i is still convex, and their sum is linear, it follows that 5i is 
linear for every i < k. We remark as well, that each /j is still a Galois covering, whose Galois 
group is the subgroup of G that stabilizes qj, for the natural action of G on the set {qi, . . . , q^}. 
Clearly it suffices to prove the theorem separately for every etale covering /j, hence we may 
replace from start / by fi, and assume additionally that k = 1, in which case we shall write q 
instead of qi. Define a(q), 5^(q) as in (2.3.32). By inspection of the proof of theorem 2.3.35 we 
deduce that S is linear precisely when : 

(2.4.4) a(q) = and 0(q) = 2. 

Especially, the preimages f \ri'{a)) and f \r]{b)) both consist of precisely one point; let 
X E Xhe the only point lying over r]{b). We deduce a Galois extension of valued fields : 

whose Galois group is isomorphic to G. Since the residue field of K is algebraically closed, the 
residue field extension k( 77 (fe)) — > ^(x) is trivial, and therefore G is a solvable group. Thus, we 
may factor / as a composition of finitely many etale coverings : 

X^:^X^ ?^...J^Xo:^ D(a, b) 

such that the degree of is a prime number for every i < n. Using lemma 2.4.2 and an easy 
induction, we may then further reduce to the case where G is a cyclic group of prime order d. 

Such coverings are classified by the etale cohomology group H := /J^(D(a, 6)^t, Z/rfZ) 
(where D(a, b)et denotes the etale site of D(a, b), as defined in [30]). The latter can be computed 
by the Kummer exact sequence (on the etale site of ©(a, 6)) : 

^ /id ^ ^ ^ 

(recall that K has characteristic zero) and since the Picard group of D(a, b) is trivial ([24, 
Th.2.2.9(3)]), one obtains a natural isomorphism : 

H ^ A{a,by/{A{a,byy 

where A{a, b)^ denotes the invertible elements of A{a, b). Under this isomorphism, the Kum- 
mer coverings of degree d correspond to the equivalence classes of the sections for j — 
0, . . . , d — 1 (notation of (2.2.7)). Thus, we come down to verifying the following : 



LOCAL MONODROMY IN NON-ARCHIMEDEAN ANALYTIC GEOMETRY 



35 



Claim 2.4.5. There exists a constant c := c{d) G (0, 1] such that, for every u e A{a, b)^, the 
restriction u' :— up(^a/c,bc) can be written in the form : u' — v'^ ■ for some v e A[a/c, db)^ 
and < j < d - 1. 

Proof of the claim. Let a,P E such that \a\ — a, \P\ — b; it is well known that every 
invertible element u of A{a, b) can be written in the form u = 7 • ^" • (1 + /i) where 7 e K^, 
n eZandh e A{a, b)° of the form 

(2.4.6) M0= E hr,e ^K+{i/a,(3/i) 

feez\{o} 

with I /i I sup < 1- Hence we are reduced to showing that l-\-h admits a d-th root, after restriction 

to a smaller annulus D(a/c, fo/c) . This is clear in case 7^ p, in which case we may even choose 
c = 1. Finally, suppose that d = p;ii is well known that 1 + h admits a p-th root as soon as 

(2.4.7) |/i|,up < 

Using the explicit description (2.4.6) we may easily determine c e (0, 1] such that the estimate 
(2.4.7) holds for the restriction /i|D(a/c,cb)- D 

Remark 2.4.8. Keep the notation of the proof of theorem 2.4.3. Alternatively, one may deduce 
from (2.4.4) that q is an ordinary double point of the analytic reduction of X, in which case [7, 
Prop. 2. 3] shows that the corresponding formal fibre is an open annulus, and then theorem 2.4.3 
follows without too much trouble. 



3. Study of the conductors 

3.1. Algebraization. Let be a henselian local ring, s the closed point of Spec V and k{s) its 
residue field. For every affine \/-scheme X we let Xg := X Xgpcc y Spec k(s). More generally, 
let X := Spec R be any affine scheme, and Z c X a closed subscheme, say Z = V{I) for an 
ideal / C -R; we denote by Rj the henselization of R along the ideal / and by Rj the /-adic 
completion of R. The henselization of X along Z is the affine scheme X^^ :— Spec Rj. 

Lemma 3.1.1. Let Abe a noetherian ring, I, J (Z A two ideals. 
(i) The natural commutative diagram 



4A ^ AA 

*^ ^I+J 

is cartesian. 

(ii) Moreover, for every n e N, set An :— A/ J^. Then there is a natural isomorphism of 



A-algebras: 



A^^j^\imA!;ij. 



Proof, (i): Using [19, Ch.O, Lemme 19.3.10.2] we see that the natural commutative diagram 



A/r > ^/(/" + r) 



36 LORENZO RAMERO 

is cartesian for every n > 0. Set A! := lim + J") and A!' := limA/(7" n r). We 

neN neN 

deduce easily a cartesian commutative diagram: 

A" 



— -A' 

and it remains only to show that the natural maps A' — > A^j^j and >ljnj — > ^" are isomor- 
phisms. For the former, it suffices to remark that 

(3.1.2) (7 + J)2"-^ C + J'* C (/ + J)'* 

for every n > 0. For the latter, one uses the Artin-Rees lemma [41, Th.8.5] to show that for 
every n e N there exists m e N such that 

J™ n J" c rr c (/ n 

from which (i) follows easily, (ii) is an easy consequence of (3.1.2); we leave the details to the 
reader. □ 

Theorem 3.1.3. In the situation of (3.1), suppose that k{s) is a perfect field. Let X be an affine 
finitely presented V -scheme of pure relative dimension one, S C a finite subset such that 
Xs\Ti is smooth over Spec k{s). Then there exists a projective V -scheme Y of pure relative 
dimension one and an open affine subset U <ZY with an isomorphism of V -schemes 

(3.1.4) ^U^^k- 

Moreover, Ug is dense in Yg and Y is smooth over Spec V at all the points ofYs \ Us. 
Proof. We begin with the following: 

Claim 3. 1.5. There exists a projective purely one-dimensional fi;(s)-scheme Yq and a dense open 
imbedding of «;(s) -schemes 

(3.1.6) Xs C Yo 

such that Yq is smooth over Spec k,{s) at all the points of Yq \ Xg. 

Proof of the claim. This is standard : one picks a projective fi;(s)-scheme Xg containing Xg as 
a dense open subscheme, and let X'^ be the normalization of Xg \ S. By [9, Ch.V, §3.2, Th.2] 
we know that Xg is of finite type over k{s), and since Xg has dimension one, we know as well 
that all its local rings are regular, hence they are formally smooth over k{s), in view of [41, 
§28, Lemma 1] and [22, Ch.IV, Prop. 17.5.3]. One can then glue Xg and X'^ along their common 
open subscheme \ E; the resulting scheme Yq will do. 

We can write as usual V as the colimit of a filtered family (Vx | A e A) of noetherian 

local subrings of V, essentially of finite type over an excellent discrete valuation ring, and such 
that the inclusion maps jx : Vx ^ V are local ring homomorphisms. Then jx extends to a 
map V from the henselization of Vx, and V is still the colimit of the filtered family 

{Vj^ I A e A). For some A e A we can find an affine finitely presented V^J^-scheme Xx and an 
isomorphism of ^-schemes: 

SpecV Xgpg^yh Xx ^ X. 

For every A G A, let kx be the residue field of V^', we can even choose A in such a way 
that the scheme Yq provided by claim 3.1.5 descends to a projective A-A-scheme Fq.a, so that 
Yq ~ Spec K,{s) xspecfcA ^o,A. Let Sa C 1o,a be the image of S; we can furthermore assume that 
Yq^x is smooth over Spec kx outside E^, and that there exists an open imbedding of /cA-schemes 

(3.1.7) SpecA;A 
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inducing (3.1.6), after base change to Specfi;(s) (see [22, Ch.IV, Prop. 17.7.8]). At the cost 
of trading the residue field k,{s) with a non-perfect field, we can then replace the given ring 

V by one such V^, the scheme X by Xx and S by S^; hence we can assume that V is the 
henselization of a ring of essentially finite type over an excellent discrete valuation ring, and 
additionally, that there exists a projective fi;(s)-scheme Yq as in claim 3.1.5. 

Let n C V he the maximal ideal; denote by V-Alg the category of F-algebras, by Set the 
category of sets. We define a functor ^ : V-Alg — > Set as follows. For a ^-algebra A, ^{A) 
is the set of equivalence classes of data of the form {Za, Ya, /a, 9a, hA) where: 

• Za and Ya are finitely presented A-schemes, and Ya is projective over Spec A. 

• /a ■ Za ^ Xa ■= Spec A XspecF X and qa ■ Za ^ Ya are etale morphisms of 
74-schemes. 

• hA : Ya,s ■= Spec A/uA XspccA Ya Spec A/nA XspccK{s) Yq is an isomorphism. 

• The restriction /a,s : Za,s Spec A/n>l XspecA^A ^ Xa,s := SpecA/nAxspecvX 
is an isomorphism. 

• The restriction gA,s '■ Za,s is an open imbedding and the morphism 

Spec A/nA XspecK(s) (3.1.6) : Xa,s Ya,s 

agrees with Ha o gA,s ° Ia^- 

• Ya is smooth over Spec A at all the points of Ya,s \ gA,s{ZA,s)- 

Two data {Za, Ya, /a, 9 a, hA) and (Z^, Y^, ^f^, h'j^ are said to be equivalent if there are 
isomorphisms of A-schemes Za Z'a, Ya ^ Ya such that the obvious diagrams commute. A 
map ^4 — > ^4' of ^-algebras induces an obvious base change map ^{A) — > ^{A'). 

Claim 3.1.8. ^{V) 7^ if and only if there exists a pair [U, Y) as in the theorem, with an 
isomorphism of ^-schemes Yg ^ Yq. 

Proof of the claim. Indeed, suppose we have found (Z, F, /, g, h) E ^{V). Then we can set 
U ■= gv{Z) C Y; the morphism / and g induce isomorphisms : Z^^:^ ~^ -^fxs 9^ ' 
Z'/Zs ^/Xs' therefore the pair {U, Y) fulfills the conditions of the theorem; furthermore 
h yields an isomorphism Yg ^ Yq. Conversely, suppose that a pair {U, Y) has been found 
that fulfills the conditions of the theorem; especially, (3.1.4) induces a morphism of \^-schemes 
g : X^^^ -> U. By [43, Ch.XI, §2, Th.2] X^f^^ is the projective limit of a cofiltered family of 
morphisms of ^-schemes {fa '■ Xa X \ a E I) such that every Xa is affine and finitely 
presented over Spec V, the induced morphisms Xa,s Xg are isomorphisms, and for every 
X e Xa the induced map ^xja{x) — ^ ^Xc„x is local ind-etale. By [21, Ch.IV, Th.11.1.1] we 
deduce that there is an open (quasi-compact) subset Za of Xa containing Xa,s such that the 
restriction of /„, to Za is flat; then, up to shrinking Za, we can achieve that the morphism 
Za ^ X is an etale neighborhood of Xg, and X is still the projective limit of the ^-schemes 
Za. We can then find a E I such that g factors through a morphism ga : Za ^ U; after further 
shrinking Za, the morphism ga becomes etale. Hence, the datum {Za, Y, fa, ga) represents an 
element of ^(y). 

Next, in view of [21, Ch.IV, Th.8.10.5] and [22, Ch.IV, Prop. 17.7. 8(ii)] one sees easily that 
^ is a functor of finite presentation. Let V'^ be the n-adic completion of V; according to Artin's 
approximation theorem [2, Th.I.12], every element of ^{V^) can be approximated arbitrarily 
closely in the n-adic topology by elements of ^{V), especially: 

(3.1.9) ^{V) ^ ^ ^{V"") ^ 0. 

So finally, in view of (3.1.9) and claim 3.1.8, we can replace V by and suppose from start 
that y is a complete noetherian local ring. Let Vn :— V/ n""*"^ and X^ := Spec Vn x gpec v ^ for 
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every n eN. We endow V with its n-adic topology; the family (X„ | n e N) defines a unique 
affine formal Spf ^-scheme X. 

Claim 3.1.10. There exists a proper Spf ^-scheme 2) with an open imbedding X C 2), such 
that the reduced fibre of 2) is Vo-isomorphic to Yq, and such that 2) is formally smooth over 
Spf V at all points of Yq \ Xq. 

Proof of the claim. In view of [18, Ch.III, §3.4.1] and [16, Ch.I, Prop. 10. 13.1], it suffices to lift 
the Vo-scheme Yq to a compatible family (F„ | n e N) of schemes such that 

(i) for every n G N there are isomorphisms of V",, -schemes: F„ Spec Xspccy„+i ^n+i; 

(ii) moreover, (3.1.6) lifts to a system of open imbeddings of Ki-schemes X„ C Yn com- 
patible with the isomorphisms (ii); 

(iii) Yn is smooth over Spec Vn at all points of Y^ \ X^. 

To this aim, we may assume that E 7^ 0, in which case Yq :— Iq \ ^ is smooth and affine 
over Spec Vq. One can then lift Yq' to a compatible system of schemes (F^ | n G N) satisfying a 
condition as the foregoing (i), and such that furthermore, Y'^ is smooth over Spec Vn for every 
n G N. Again some basic deformation theory shows that the imbedding \ S C Yq lifts to a 
compatible system of open imbeddings X„ \ E c 1^ for every n G N. Therefore one can glue 
Xn and Y^ along their common open subscheme X„ \ E; the resulting schemes Yn will do. 

Next we are going to construct an invertible ^sg-module on 2). To this aim we proceed as 
follows. Let {yi, ...,?/„}:= Yq \ -^0- By construction 2) is formally smooth over Spf V at the 
point yu for every i = 1, . . . , n. For every i < n, the maximal ideal of GYo,yi is principal, say 
generated by the regular element ti G ^Yo,yi- The natural ring homomorphism ^2),^^ ^Yo,yi 
is surjective, hence we can lift ti to an element U G ^05,2/;. 

Claim 3.1.11. U is a regular element in ^23,^^ for every i — 1, . . . ,n. 

Proof of the claim. By [19, Ch.O, Th. 19.7.1] the ring ^s),^^ is flat over V; then the claim follows 
from [19, Ch.O, Prop. 15. 1.16]. 

In view of claim 3.1.11 we can find an open affine subscheme ii^ C 2) such that Ui e iii and 

ti extends to a regular element of r(ilj, Gt^). Finally, set 2Jj := 2) \ {yi} and Wi := ilj fl 2Jj; 
we define the invertible i^2]-module J^-^ by gluing the sheaves (defined on iii) ^2Ji 
(defined on 2Ji); the gluing map is the isomorphism 

So, the global sections of are identified naturally with the pairs (/, g) where / G T{iii, iff^), 
g G r(2Jj, 1^2}) and /|2it- = ti ■ g\(^x3i- Clearly, lx\.££f^ is the invertible sheaf ^YoiVi) on Yq; set 

■ ■ ■ iiotice that, since X is affine, every irreducible component of 

meets {yi, . . . , y„}; it then follows from [39, §7.5, Prop.5] that =$f^/n=Sf^ is ample on Yq, and 
then [18, Ch.III, Th.5.4.5] shows that 2) is algebraizable to a projective scheme Y over Spec V, 
and is the formal completion of an ample invertible ^y-module that we shall denote by Jtf. 

Especially, ^/n=Sf is the ample sheaf ^Voiyi + h 2/n) on Fq- 

By inspecting the construction, we see that JSf ~ &y{D), where D is an ample divisor on Y 
whose support Supp(D) C Y intersects Yq in precisely the closed subset Yq \ Xq. Therefore 
the open subset U ■.= Y\ Supp(Z}) is affine and clearly U HYq = Xq. Let il C 2) be the formal 
completion of U along its closed subscheme Xq; it follows that the imbedding X C 2) induces 
an isomorphism of affine formal Spf ^-schemes: 

(3.1.12) ii^X. 

Let F™^ C F be the set of all points x G F such that F is smooth over Spec V at x; according 
to [20, Ch.IV, Cor.6.8.7] and [22, Ch.IV, Cor.17.5.2], F^'" is an open subset of F. 
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C/a/m 3.1.13. Fq \ C V^. 

Proof of the claim. Indeed, for every y e Yq, the completions of the local rings ^2),^, and i^Y,y are 
isomorphic topological l^-algebras, therefore the claim follows from [19, Ch.IV, Prop. 19.3.6] 
and [22, Ch.IV, Prop. 17.5.3]. 

Claim 3.1.14. The (reduced) closed subscheme Y \ Y^"' is finite over Specy, and 

moreover y^™^ C U. 

Proof of the claim. First of all, since the morphism Y Spec V is proper (especially, univer- 
sally closed), the closure of any point of Y meets the closed fibre Yq. It follows easily that the 
dimension of Y^™^ is the maximum of the dimension of the local rings (^ysing where y ranges 
over all the points of n Yq. However, n Yq is precisely the set of points y G Yq with 
the property that Yq is not smooth over Spec Vq at y; in other words, F^'^^s DYq C T,, which 
consists of finitely many closed points, whence: 

dim ^ysing_j^ 0y Vb = for every y e Y^'""^ n Yq. 

On the other hand, quite generally we have the inequality: 

dim (^ysing ,^ < dim V + dim ^ysing (8)y Vq 

for every y e Y^^'^^DYq (see [41, Th.15.1]), therefore we conclude that the relative dimension of 
ysmg Q^gj. gpg^, Y equals zero, hence y^™s is finite over Spec V, as claimed. Since U contains 
ysmg pi by construction, and since every point of y^'^^s admits a specialization to a point of 
Yq, it is clear that y^'°s contained in U. 

For any F-algebra A denote by A'^ the n-adic completion of A. 

Claim 3.1.15. For any F-algebra it! of finite type, the natural morphism Spec — > Spec R is 
regular. 

Proof of the claim. According to [20, Ch.IV, Prop.7.4.6], it suffices to show that all the formal 
fibres of R are geometrically regular. However, this follows from [20, Ch.IV, Th.7.4.4(ii)]. 

Say that X = Spec R and U = Spec S, for some ^-algebras R and 5" of finite type; (3.1.12) 
induces an isomorphism of schemes 

0^ : C/^ := Spec 5;;^ ^ := Speci?^ 

Claim 3.1.16. Let x e he any point whose image y E U lies outside Let x' :— (f)^{x) 
and denote by y' the image of x' in X. Then X is smooth over Spec V at the point y'. 

Proof of the claim. It suffices to show that the induced morphism Spec ^x,y — Spec V is 
regular ([22, Ch.IV, Cor. 17.5.2]). However, by assumption Spec ^y.y ^ SpecF is regular, 
hence so is the morphism Spec ^y^,x Spec V, in view of claim 3.1.15. Consequently the 
morphism Spec i^x^,x' Spec V is regular, and since the map ^x,y' ^x^,x' is faithfully 
flat, the claim follows from [41, Th.32.1]. ' ' 

Next, let J C -S" be an ideal with V{J) = Y^''^^. In view of claim 3.1.14, the quotient 
S/ J'^ is finite over V for every n G N; especially, it is complete for the n-adic topology. We 
deduce from lemma 3.1.1(ii) that the natural map Sj — > 5*^9+ j is an isomorphism (notation 
of (3.1)), and then lemma 3.1.1(i) implies that the natural map S'^j is an isomorphism 

as well, whence, by composing 0^ with the natural map X^ — > X, a morphism of T^-schemes 
t/j : Spec X. The latter can be seen as a section 

: Spec S^j U XspecV ^ 
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of the U -scheme U x spec v X (namely, is the unique section such that n o — ijj, where 
TT : U Xspecy X ^ X is the natural projection). It follows from claim 3.1.16 that the section 
fulfills the assumptions of [23, Ch.n, Th.2 bis], so that there exists a section 

a : Spec-S^j U XspecV X. 

such that a and agree on the closed subscheme Spec S/nJ. Let S!^ be the henselization of S 
along the ideal nS; finally we define a morphism of V^-schemes 

(3 : Spec^^: ^ Spec^^^j A U Xgpecy X^X 

where uj is the natural morphism. The theorem is now a straightforward consequence of the 
following : 

Claim 3.1.17. /3 induces an isomorphism Spec ^/Xo- 

Proof of the claim. By construction, P and cf)^ agree on the closed subscheme Spec S/nS. Let 
: C/^ — > X^ be the morphism induced by /3 and denote by gr*i? and gr^S the graded rings 
associated to the n-preadic filtrations of R and respectively 5"; we deduce that the morphisms 
P and (p^ induce the same homomorphism gr'i? gi^S of graded rings. Since (f)^ is an 
isomorphism, it then follows that (3^ is an isomorphism as well ([9, Ch.III, §2, n.8, Cor.3]). 
Next, according to [43, Ch.XI, §2, Th.2], the ring S!^ is the filtered colimit of a family of etale 
S'-algebras {Sx | A e A) such that S^/nSx is S'-isomorphic to S/ nS for every A G A. Especially, 
the n-adic completion 5*^^ is S'-isomorphic to 5*;^, and we can find A G A such that P descends 
to a morphism Px '■ Specs'^ X. Consequently, the map R — > AS^n is formally etale for 
the n-adic topology, therefore the same holds for the map R ^ Sx induced by Px- Finally, let 
p G Spec5'A/n5'A, and set q :— p (1 R E Xq; a fortiori we see that Sx,q is formally etale over 
i?q for the q-preadic and p-preadic topologies; by [22, Ch.IV, Prop. 17.5.3] we deduce that Sx is 
etale over R at all the points of Spec Sx/nSx- Since Sj^ ~ S'jj^^, the claim follows. □ 

3.1.18. Suppose that F is a valuation ring whose field of fractions K is algebraically closed, 

and let S := Spec V. We conclude this section with a result stating the existence of semi- 
stable models for curves over the generic point of S. The proof consists in reducing to the case 
where V is noetherian and excellent, to which one can apply de Jong's method of alterations 
[12]. Recall that a semi-stable S -curve is a flat and proper morphism g : Y ^ S such that 
all the geometric fibres of g are connected curves having at most ordinary double points as 
singularities. Denote by r] the generic point of S. We consider a projective finitely presented 
morphism f : X ^ S such that f^^{r]) is irreducible of dimension one. We also assume that 
X is an integral scheme, and G is a given finite group of S'-automorphisms of X. 

Proposition 3.1.19. In the situation of (3.1.18), there exists a projective and birational mor- 
phism (f) : X' ^ X of S -schemes such that : 

(a) The structure morphism f : X' ^ S is a semi-stable S-curve whose generic fibre 
f'~^{ri) is irreducible and smooth over Spec K. 

(b) G acts on X' as a group of S -automorphisms, and (p is G-equivariant. 

Proof. Let us write V as the colimit of the filtered family (V^ | i G /) of its excellent noetherian 
subrings. By [21, Ch.IV, Th.8.8.2(i),(ii)], we may find i G / such that both / and the action of 
G descend to, respectively, a finitely presented morphism fi : Xi ^ Si := Spec Vi and a finite 
group of 5'i-automorphisms of Xi. By [21, Ch.IV, Th.8.10.5] we may even suppose that f is 
projective, and - up to replacing J by a cofinal subset - we may suppose that the latter property 
holds for all i E I. For every i E I, let r]i be the generic point of Si; we apply [21, Ch.IV, 
Prop.8.7.2 and Cor.8.7.3] to the projective system of schemes {ff^{rii) | i G /) to deduce that 
there exists i E I such that f~^{y]i) is geometrically irreducible over Spec K{r]i). Let Zj c Xi be 
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the Zariski closure (with reduced structure) of f~^{r]i); then Zi x 5. 5* is a closed subscheme of 
X containing f~^{r}), so it coincides with X, since the latter is an integral scheme. Moreover, 

since fi is a closed morphism and r]i G fi{Z,i), we have fi{Zi) = S^. Furthermore, the G-action 
on Xi restricts to a finite group of S'j-automorphisms of Z^. The restriction Zi — > Si of fi fulfills 
the conditions of [12, Th.2.4], hence we may find a commutative diagram : 



Si 

such that Z'- and S'^ are integral and excellent, (pi and ijji are projective, dominant and generi- 
cally finite, is a semi-stable projective S'.-curve and moreover a finite group G' acts by 5"^'- 
automorphisms on XI in such a way that // is G"-equivariant; also there is a surjection G' ^ G 
so that (f)i is equivariant for the induced G"-action (condition (v) of [12, Th.2.4]). Furthermore, 
if r][ denotes the generic point of S'i, the induced morphism 



(3.1.20) 



fi \v'i) fi \Vi) xspec«(r,i) SpecK{ri'i) 



is birational (condition of [12, Th.2.4(vii)(b) and Rem.2.3(v)]). After taking the base change 
S ^ SiWe. arrive at the commutative diagram : 



Z':=Zlxs,S^X 



fL 



where again ijji^s is generically finite and projective. Since K{r]) is algebraically closed, it fol- 
lows that the induced map K,{rj) K,{r]') is bijective for every rj' e t/j^g (rj) ; by the valuative cri- 
terion for propemess ([17, Ch.II, Th.7.3.8(b)]) we deduce that ipi^s admits a section a : S ^ S'. 
We set X' := Z' Xs' S (the base change along the morphism a) and denote hy cf) : X' ^ X the 
restriction of (pi^s- By construction, f':X'^Sisa semi-stable ^-curve. From (3.1.20) we 
deduce easily that the induced morphism f'~^{r]) f~^iv) is birational, and then, since /' is 
flat, it follows that X' is integral and is birational. Moreover, the action of G' is completely 
determined by its restriction to the generic fibre f'~^{r]), and since is equivariant, it follows 
that this action factors through G. □ 



3.2. Vanishing cycles. We resume that notation of (2.2); we let S :— Spec K'^, and denote by 
s the closed point of S. According to [30, §4.2], to every ^'-scheme X and every abelian sheaf 
F on X^t one attaches a complex of abelian sheaves 

where X^ := X X5 Specify and D(Xs^^t, denotes the derived category of the category of 
abelian sheaves on Xs,a- Its stalk at a point x EXg can be computed as follows. Denote by X^|^| 
the spectrum of the henselization of the local ring ffx,x', then there is a natural isomorphism in 
the derived category of complexes of abelian groups: 

(3.2.1) R^x/s{F), ~ i?r((X/\,} X5 Speci^),t, F). 

We let also Xk :—Xxs Spec K. There is a natural map 



RT{Xk,F) ^ RT{X,,my,/s{F)) 



42 



LORENZO RAMERO 



which is an isomorphism when X is proper over S. On the other hand, one has a natural mor- 
phismin D(Xs,et,Z) 

(3.2.2) F|xjO] ^ i?vl/x/s(F) 

and the cone of (3.2.2) is a complex on called the complex of vanishing cycles of the sheaf 

F, and denoted by R^x/s{F). 

Any 5'-morphism : X ^ Y induces a natural map of complexes 

(3.2.3) 4>*m^/s{F) ^ my,/s{4>*F) 
for every abelian sheaf F on Y^t. 

3.2.4. Let TT e m be any non-zero element, and set A := K~^[S, T]/{ST — tt^); the 7r-adic 
completion of A is the subring A° of the affinoid ring A :— A{a, a"^), where a :— |7r| (cp. 
example 2.1.12). Let A'* be the henselization of A along its ideal ttA; by proposition 1.3.2(i), 
the base change functor : 

A'^-Algfp-t/K ^ ^°-Algfp,t//f : B ^ ^° (g)A. B. 

is an equivalence. 

3.2.5. Let f : X :— SpaS — > D(a, a~^) be a finite etale morphism, so that S is a finite etale 
A-algebra, and suppose moreover that a finite group G acts freely on X in such a way that / 
becomes a G-equivariant morphism, provided we endow D(a, a"^) with the trivial G-action. 
This situation includes the basic case where / is a Galois (etale) morphism with Galois group 

G, but we also allow the case where G is the trivial group. Under these assumptions, B is 
normal, therefore the same holds for B°. Moreover, by lemma 2.3.1, B° is a finitely presented 
74°-module; we denote by B the unique (up to unique isomorphism) A'^-algebra corresponding 
to B° under the equivalence of (3.2.4). By proposition 1.3.2(iii), B is normal, and clearly 
the G-action on B translates into a G-action on B, fixing A^. Since A^/mA^ ~ A°/mA°, 
we can view the prime ideal ^ C ^° defined in the proof of claim 2.3.37, as an element of 
Spec A'*/mA'*. Similarly, the finitely many prime ideals qi, . . . , q„ C B° lying over *P can be 
viewed as elements of Spec B/mB. We also obtain a natural action of G on the set {qi, . . . , q„}. 
For every i = 1, . . . , n, we let: 

• St{qi) C G be the stabilizer of q^, 

• A^ (resp. Bf ) the henselization of the local ring Atp (resp. of Bq.), 

• ^i,K - Ajj K, B'^^j, := Bf K, 1% := Spec A^,,^, X^^^ := Spec Bj^ 

• A a finite local ring such that £"A — 0, for a prime number £ ^ char K'" and some 
integern > 0. 

With this notation we define: 

n 

A(X, q,, F) := it:r((Xj^),t, F) and A(X, F) := A(X, q,, F) 

i=l 

for every sheaf of A-modules F on the etale site of X^^. Moreover, if G* is a bounded complex 
of A-modules and H'C' is a finite A-module, we shall denote by x(G*) the Euler-Poincare 
characteristic of G*, which is defined by the rule : 

^ E.ez(-1)^ • length^(ff-G') 

length^(A) 

In case C* is a complex of free A-modules (especially, C' is perfect), we have also the identity: 
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As usual ([32, Exp.X, §1]) one can view the constant sheaf Ax^^ on (X^^)^t as a sheaf of G- 
modules with trivial G-action, and then by functoriality, A(X, q,, A) is a complex of K[St{(\i)]- 
modules in a natural way. Furthermore, A(X, A) is a complex of A [G] -modules, whose struc- 
ture can be analyzed as follows. Let Oi, U ■ ■ ■ U = {qi, . . . , q„} be the decomposition into 
orbits under the G-action, and for every i < A; let us pick a representative q^ e 0^; then : 

k 

(3.2.6) A(X,A) ^ J]lndf,(,^)A(X,q„A) in D(A[G]-Mod). 

i=l 

The proof is left to the reader. 

Lemma 3.2.7. With the notation of (3.2.5), the following holds: 

(i) The complex of A-modules A.{X, q^, F) is perfect of amplitude [0, 1], for every con- 
structible sheaf F of free A-modules on (X^j^)^f 

(ii) For every n there is a natural isomorphism in D'''(Z/£'^Z-Mod) .• 

z/rz l)z/£n+iz A{x, qi, z/r+^z) ^ A{x, qi, z/rz). 

(iii) For every locally constant sheaf F of A-modules on (T^)^t we have : 

x(A(D(a,a-i),^,F)) <0. 

Proof To start out, notice that the scheme Spec ^ is a cofiltered limit of one-dimensional 
affine i^-schemes of finite type; then (ii) is an easy consequence of [13, Th. finitude, Cor.1.11]. 
We also deduce that the cohomological dimension of Spec ^ is < 1; furthermore, it follows 
from (3.2.1) and [30, Prop.4.2.5] that i?"A(X, q^, F) has finite length for every n e N and 
every constructible sheaf F of A-modules, hence assertion (i) follows from : 

Claim 3.2.8. Let i? be a (not necessarily commutative) right noetherian ring with center Rq C 
R, (p : Z ^ Y a morphism of schemes, and C a complex in D~(Z^t, R)- Suppose that the 
functor 

:D+(Z,t,i?o)^D+(Y,t,i?o) 
has finite cohomological dimension (thus, extends to the whole of D(Z^t, Rq))- Then : 

(i) C is pseudo-coherent if and only if H^C* is coherent for every n G Z. 

(ii) C* is perfect if and only if it is pseudo-coherent and has locally finite Tor-dimension. 

(iii) If the Tor-dimension of G* is < d (for some d e Z), then the Tor-dimension of 
R(t)^C* e Ob(D-(Y^t, i?)) is < d. 

Proof of the claim, (i) (resp. (ii), resp. (iii)) is a special case of [5, Exp.I, Cor.3.5] (resp. [5, 
Exp.I, Cor.5.8.1], resp. [4, Exp.XVII, Th.5.2.11]). 

(iii): It follows from (i) that the Euler-Poincare characteristic of A(D(a, a~^), F) is well 
defined when A is a finite field of characteristic £. For the general case, let rriA C A be the 
maximal ideal; we consider the descending filtration F D mA-F D m^-F D • • • D vcv\F — 0, 
whose graded subquotients are sheaves of modules over the residue field k{A) of A; since 
the expression that we have to evaluate is obviously additive in F, we are then reduced to 
the case where F is an irreducible locally constant sheaf of k (A) -modules. In such case, 
if F is not constant the assertion is clear, so we can further suppose that F is the constant 
sheaf with stalks isomorphic to k{A). However, is a normal domain, therefore is con- 
nected, so iJ°A(D(a,a~i),fp, /t(A)) = k{A). Finally, from [14, Exp.XV, §2.2.5] we derive 
if^A(D(a, ar^), ^, k(A)) = k(A). (loc.cit. considers the vanishing cycle functor relative to a 
family defined over a strictly henselian discrete valuation ring, but by inspecting the proofs it is 
easy to see that the same argument works verbatim in our setting as well.) □ 
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3.2.9. Let i? be a (not necessarily commutative) ring. We denote by K^{R) (resp. by Ko{R)) 
the Grothendieck group of finitely generated projective (resp. finitely presented) left i?-modules. 
Any perfect complex C of i?- modules determines a class [C*] G K^{R). Namely, one chooses 
a quasi-isomorphism P* ^ C* from a bounded complex of finitely generated projective left 
i?-modules, and sets [C] := X]jgz(~ -'-)'' ' [-^1' ^ standard verification shows that the definition 
does not depend on the chosen projective resolution. 

Proposition 3.2.10. In the situation of (3.2.5) we have: 

(i) A(X, qj, A) is a perfect complex of h[St{(\i)]-modules of amplitude [0, 1]. 

(ii) [A(X, qj,F^)[l]] e {¥ e[St{qi)'\) is the class of a projective ¥e[St{qi)]-module. 

(iii) [A(X,F£)[1]] e K^{¥e[G]) is the class of a projective ¥e[G\-module. 

Proof (i): This is well known: let : Xf^ — > be the natural morphism; one shows as in 

the proof of [32, Exp.X, Prop. 2. 2] that f/c^A is a flat sheaf of A [S't(qi)] -modules, and then claim 
3.2.8(iii) implies that the complex of A[5't(qi)]-modules A(X, q^, A) ^ A(D(a, a~^), fi^*A) 
is of finite Tor-dimension. It then follows from claim 3.2.8(i),(ii) and lemma 3.2.7(i) that 
A(X, qj, A) is a perfect complex of A [S't(qi)] -modules of amplitude [0, 1]. 

(ii) : Let us choose a complex A* := (A" ^ A^) of finitely generated projective F^[S't(qj)]- 
modules with a quasi-isomorphism A* ^ A(X, qi,¥f ); if M is any [.St (qj)] -module of finite 
length, we deduce a quasi-isomorphism (cp. the proof of lemma 3.2.7(ii)) 

M 0F,[5t(qi)] A* RT{j'k, M ®F,[stM] ^K*¥e). 

Whence x{M <SiWe[St{qi)] A*) < 0, in view of lemma 3.2.7(iii). In other words : 

rkp^M <S>¥e[st{cii)] A° < rkiF^M <^We[st{cii)] A^ for every M of finite length. 

On the other hand, Ko(¥£[St{qi)]) is endowed with an involution ([32, Exp.X, §3.7]) 

Ko{¥e[St{qi)]) ^ KMStiq^)]) : [M] ^ [M]* := [M*] := [HomF,(M, F,)]. 

We have a natural isomorphism 

H0mF,[5t(q,)](iV, M*) - (iV®F,[St(q.)] M)* 

for every F£[5't(qj)]-modules of finite length M and ([32, Exp.X, Prop. 3. 8]). Since clearly 

rkp^M = rkp^M* for every such M, we conclude that 

(3.2.11) 

rkiF^HomF^[5t(q.)] (A°, M) < rkir^HomF^[5t(q.)] (A\ M) for every M of finite length. 

By [47, §14.3, Cor. 1,2] the projective modules A° and A^ are direct sums of projective en- 
velopes of simple F£[S't(qj)]-modules; however, (3.2.11) implies that the multiplicity in A° of 
the projective envelope of any simple module iV is < the multiplicity of P^r in A^, whence 
the assertion. 

(iii) is an easy consequence of (ii) and (3.2.6). □ 

3.2.12. Keep the assumptions of proposition 3.2.10. For every n e N we set A„ := Z/£"Z; in 
view of lemma 3.2.7(ii) we derive natural isomorphisms in D"'"(A„[5'i(qj)]-Mod) : 

(3.2.13) An[St{q,)]®A^^,[stM]A{X,qi,An+i) ^ A„Sa„+i A(X, qj, A„+i) ^ A(X,qj,A„). 

Then, according to [32, Exp. XIV, §3, n.3, Lemme 1] we may find : 

• An inverse system (A* (X, qj) | n G N), such that A* (X, qj) is a complex of projective 
A„[5'i(qj)]-modules of finite rank, concentrated in degrees and 1, and the transition 
maps are isomorphisms of complexes of A„[5'i(qj)]-modules : 

(3.2.14) A„ ®A„+i K+ii^, ^i) ^ Ki^, qi) for every neN. 
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• A system of isomorphisms : A*(X, qj) ^ A(X, qj,A„) in D (A„[5't(qi)]-Mod), 
compatible with the isomorphisms (3.2.13) and (3.2.14). 

(Actually, loc.cit. includes the assumption that the coefficient rings are commutative. This 
assumption is not verified by our system of rings A„[S't(qi)]; however, by inspecting the proof, 
one sees easily that the commutativity is not needed.) 

We let A^(A, qj) be the inverse limit of the system (A* (A, q) | n e N); this is a complex 
of projective Z^[5't(qj)]-modules of finite rank, concentrated in degrees and 1, and we have 
isomorphisms of complexes of A„[5'i(qj)]-modules : 

K[St{(\i)] ®z,[5t(q,)] Ko{X, q,) ~ A„ A^(A, q,) ~ A;(A, q^) for every n e N. 

Likewise, we set 

n 

a; (A) :=0A;(A,q,) 

and the analogue of (3.2.6) holds for A* (A), especially the latter is a complex of finitely gen- 
erated projective ArJG] -modules and the inverse limit A^(A) of the system (A* (A) | n e N) 
is a complex of finitely generated projective Z£[G] -modules. 

Lemma 3.2.15. In the situation of (3.2.12) .• 

(i) The element [A^(A, qi)[l]] G A°(Z£[5't(qj)]-Mod) is the class of a finitely generated 
projective Zi[St{qi)]-module. 

(ii) The element [A^(A)[1]] e ir°(Z£[G']-Mod) is the class of a finitely generated pro- 
jective 'Le[G]-module. 

Proof, (i) follows from proposition 3.2.10(ii) and [47, §14.4, Cor.3], and (ii) follows from (i). 

□ 

3.2.16. In view of lemma 3.2.15, the element [A^(A, <\i)®z<Q] e X°(Q45't(qi)]) istheclass 
of a finite-dimensional i'-adic representation of St{qi). For such representations p, it makes 
sense to ask whether the associated character takes only rational values, i.e. whether the class 
[p] lies in the subgroup RQ{St{qi)) C K^{Qi[St{qi)]) (notation of [47, §12.1]), and a complete 
charaterization of Q 0z RQ{St{qi)) is provided by the criterion of [47, §13.1]. The availability 
of that criterion is the main reason why we are interested in ^-adic representations (rather than 
just ^-torsion ones). 

Theorem 3.2.17. With the notation of (3.2.16) .• 

(i) The class [A^(A, q^) ®z Q] lies in RQ{St{qi)). 

(ii) The class [A^(A) (g)^ Q] lies in Rq{G). 

Proof. Of course it suffices to show (i). We begin with the following : 

C/fl/m 3.2.18. There exist : 

• a projective birational morphism : Y — > X of integral projective S'-schemes, where 
Y — is a semistable S-curve with smooth connected generic fibre Yk Spec K; 

• group homomorphisms St{qi) — > Aut^Y and St{qi) — > Aut5X such that is St{qi)- 
equivariant; 

• a point X G X^, fixed by St{qi), with an S't(qj)-equivariant isomorphism '. ^xx~^ 

• an open neighborhood U C X of x, which is a connected normal scheme. 

Proof of the claim. To start out, is the colimit of a filtered family (B^ | /i G J) of etale 
B-algebras, and since since Bf is a normal domain, we may assume that the same holds for 
every B^. We may find p E J such that the action of St{qi) on B^ descends to an action by A+- 
automorphisms on B^ ([21, Ch.IV, Th.8.8.2(i)]). If x G U := Spec B^ denotes the contraction 
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of the ideal C B, we have an 5't(qi)-equi variant isomorphism ^ B^. Let V C 
be a finitely generated X^-submoduIe, say of rank n + 1, that generates ^u', V determines 
a morphism : U — > Pg, and by choosing V large enough, we may achieve that t/; is a 
closed immersion; moreover we may suppose that V is stable under the natural S't(qi)-action, 
in which case ijj is 5't(qj)-equivariant. Denote by X the Zariski closure of ^(U) (with reduced 
structure). Then the action of St{c\i) extends to X and f : X — > 5" is a projective finitely presented 
morphism; moreover, since U is a normal scheme, the generic fibre ^~^{'r]) is irreducible. To 
conclude, it suffices to invoke proposition 3.1.19. 

Hence, let : Y ^ X and ,t G U C X^. be as in claim 3.2.18, and (6, : X., (resp. 

fpT] '■ ^k) the restriction of 0; applying the proper base change theorem ([4, Exp.XII, 

Th.5.1]), we derive a natural S't(qj)-equivariant isomorphism : 

(3.2. 19) i?0,,i?*Y/5A ^ mx/sR(i>rt*^ 

in D(Xs <5t, A), for every ring A as in (3.2.5). Set Z := (pj^{x); taking the stalk over x of the 
map (3.2.19) yields an 5't(qj)-equivariant isomorphism : 

(3.2.20) Rr{z, myfsA) ^ {mx/sRM.- 

Moreover, U^: is smooth over Spec K, hence (f)rj restricts to an isomorphism on ^^^U^:, hence: 

(3.2.21) (i?^x/5i?0,*A)x. ^ (i?^x/5A)x- - A(X, q„ A) 

where again these isomorphisms are 5't(qj)-equivariant. On the other hand, [14, Exp.XV, §2.2] 
yields natural isomorphisms : 

(3.2.22) i?°*Y/5A - A|Y, i?^*Y/sA~i,A(-l)|Y|ing i?^*Y/5A = for j > 1 

where i : Yf^^ Y^ is the closed immersion of the singular locus of Y^ (which consists 
of finitely many Spec fC^-rational points) and (—1) denotes the Tate twist. (Actually, loc.cit. 
considers the case where 5* is a henselian discrete valuation ring, but by inspecting the proof 
one sees easily that the same argument works in our situation as well.) Since Z is proper over 
Spec K^, one may apply [4, Exp.XVII, Th.5.4.3] to deduce that (3.2.20) and (3.2.21) still hold 
after we replace A by and A(X, q^, A) by A^(X, q^) Q. Hence, [A^(X, q^) ®z Q] is the 
difference of the classes : 

R, := [RT{Z, Q,)] R^ := Q^(-l))]. 

where the 5't(qi)-actions on Ri and i?2 are deduced by functoriality from the actions of St{(\i) 
on the sheaves and Q^(— 1), and the latter are defined via (3.2.22). So the theorem follows 
from the following : 

Claim 3>.1.13>. Ri, R2 G RQ{St{qi)). 

Proof of the claim. Concerining Ri : first of all, notice that the action of St{c\i) on A|y^ (resp. 
on Q^iyJ induced by the isomorphism (3.2.22), is the trivial one (this isomorphism is the map 
(3.2.2)). Let p : Z' ^ Z he the normalization morphism, and say that Wi, . . . , Wk are the 
irreducible components of Z'; a standard devissage shows that 

Ri = [RT,{Z',Qe)] - [r{p-'Z^'^^Qe)] + [^(Z^-^Q,)] 

where the St (q j) -actions on the terms appearing on the right-hand side are deduced, by functo- 
riality, from the trivial St (q^) -actions on the constant £-adic sheaves Q^; on the scheme Z'. Let 
g e St{qi) be any element, g' : Z' ^ Z' the unique -automorphism that lifts the action of g 
on Z, and g" : g'*Qe ^ Qe the isomorphism that defines the trivial S't(qi)-action on Q^j^'. We 
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have a natural decomposition : RTc{Z', Q^) ~ 0jL^ RTc{Wi, Qi), and RTc{Z', g") restricts to 
isomorphisms : 

Ui : RV,{g'{Wi)M) ^ R^ciWi, Q^) for every i = l,...,k. 

It follows that the trace of RTc{Z', g") is the sum of the traces of the maps oJi such that g'{Wi) = 
Wi. Each Wi is either a point or a smooth projective i^~-curve. In case Wi is a point, uoi is the 
identity map; to determine the trace of Ui in case Wj is a smooth curve, we may apply the 
Lefschetz fixed point formula [13, Rapport, Th.5.3], and it follows easily that [RVc{Z', Q^)] e 
i?Q(S't(qj)). Next, consider the term [r(Z^™s^ Q^)]; a similar argument shows that, in order to 
compute the trace of the automorphism induced by g on V{Z^^'^^, Q^), we may neglect all the 
points of Z'^^s that are not fixed by the action of g\ if z G Z'^"'^ is fixed by g, then clearly 
the trace of V{{z},g) equals 1, so we get as well [r(Z^™s^Q^)] g 'RQ^(^St{(\i)). Finally, we 
consider [r(p-iZ""g, Q^)] : let be the set of points of Z'^'^s that are fixed by ^; an 

argument as in the foregoing shows that the trace oiV^p"^ Z^™^, g") is the same as the trace of 
T{p~^{Z^^'^^y ,g"). For every 2; e (Z'^"^^)^, the fibre (2;) consists of two points 2;^ and 2:2, and 
clearly g either exchanges them, in which case the corresponding contribution to the trace is 0, 
or else g fixes them, in which case the contribution is 2. Hence [r(p~^Z^™s, Q^)] e Rq{St{(\i)), 
so the claim holds for Ri . 

Concerning R2 : let again g E St(qi) be any element; the action of g on R2 is induced by 
an action of g on (i?^\E'j,Q^)|Ysing, i.e. by an isomorphism ^f' : g*Qe{—l)\y^i'^s ^ Qi{—l)\Ysing. 
Arguing as in the foregoing case, we see that the trace of r{Z^™^, g') is the same as the trace 
of T{{Z^™^y, g'). Hence, for our purposes, it suffices to determine the automorphism g'^ of the 
stalk over any z e Z^™^ which is fixed by g. By [14, Exp.XV, §2.2], Poincare duality yields a 
perfect pairing : 

Hence it suffices to show that [i7|^j(Ys, R^ r^QiO))] lies in Rq{St{(\i)). However, according to 
[14, Exp.XV, lemme 2.2.7], we have a natural short exact sequence : 

^ H\{z},Qim ^ H\p-^{z},Qim ^ ^M(Y.,it:*,Q^(l)) ^ 

which becomes 5'i(qi)-equivariant, provided we endow the £-adic sheaves Q,t\{z} and Q^|p-i{2} 
with their trivial actions. It follows that the trace of g'^ equals 1 if g' fixes the points of p~^{z}, 
and equals —1 if 51 exchanges these two points. □ 



3.2.24. Keep the notation of (3.2.5) and let if C G be any subgroup; since A is a Japanese 
ring ([6, §6. 1.2, Prop.4]) we see easily that the subring of elements fixed by H is an affinoid 
algebra; we can then consider the morphism fn ■ X/H :— SpaB^ D(a, a~^); clearly fn is 
again etale (indeed, this can be checked after an etale base change, especially, after base change 
to X, in which case the assertion is obvious). Moreover, obviously {B^)° = {B°)^\ under 
the equivalence of (3.2.4), the finitely presented 74°-algebra {B^)° corresponds to a unique 
(up to unique isomorphism) finitely presented A'*-algebra C such that C ®k+ K is etale over 
:— A'* ®K+ K. By lemma 1.3.6 the natural map A'* — > A° is faithfully flat; by considering 
the left exact sequence of A'* -modules 

one deduces easily that 

(3.2.25) C = B^. 
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3.2.26. Suppose next, that the subgroup H c G is contained in St{qi). We denote by qf the 
image of in Spec {B^)°. In view of (3.2.25) the induced map 

^--Kk^^Ik SpecCj^ ^ 
is a Galois etale covering with Galois group H. 

Lemma 3.2.27. In the situation of (3.2.26), we have a natural isomorphism in D(Z£-Mod) .• 

Proof. (Notice that, since in general H is not a normal subgroup of St{c\i), the only group surely 
acting on A{X/H, qf, A„) is the trivial one, so A'^{X/H, qf ) is to be meant as a complex of 
free Z^-modules.) To start with, let A be any ring as in (3.2.5); the functor F ^ T^{F) := 
on sheaves of A [if] -modules on (Yj^^)^t induces a derived functor 

j^^H . D+((Yj^),„A[i/]) ^ D+((Yj^),t,A). 

Likewise, we have a derived functor : 

RF" : D+(A[i7]-Mod) ^ D+(A-Mod). 

Especially, consider the inverse system (A* (X, q^) | n e N) of (3.2.12); since each A' (X, q^) 
is a complex of projective A„[5'i(qi)]-modules, the natural map : 

r^AliX, q,) ^ RT^AliX, q,) 

is an isomorphism in D(A„-Mod), for every n e N. Similarly, since g*A„ x''^ is a sheaf of 

projective A„ [if] -modules, we have natural isomorphisms of sheaves on (Yj^j^)^t : 

(3.2.28) A^^y.^ ^ i?r^g,A„,x^_^- 

Now, by applying to (3.2.28) the triangulated functor 

RT : D((Y,^^),t, A„) ^ D(A,-Mod) 

and using the obvious isomorphism of triangulated functors 

RT o RT^ ~ i?r^ o RF : D+((Yj^),t, A„[ii]) ^ D+(A„-Mod) 

we deduce natural isomorphisms : 

A;(X/ii, qf ) ^ i?r((Yj^),t, A„) ^ r^A-^iX, q,) for every neN. 

The assertion then follows after taking inverse limits. □ 

3.2.29. In the situation of (3.2.5), let 6 : [log a, — log a] fl log Tk — > M>o be the discriminant 
function of the morphism /. We saw in the course of the proof of theorem 2.3.35 how one can 
calculate the variation of the slope of 6 at the point p = - that is, the slope around p = of 
the function p i-^ S{—p) + 5{p). The expression is a sum of contributions indexed by the prime 
ideals qi, . . . , q„. Proposition 3.2.30 explains how these localized contributions can be read off 
from the complexes A{X, qj, F^) (where is the finite field with i elements). 

Proposition 3.2.30. Resume the notation of (2.3.32) and (3.2.5). Then : 

(3.2.31) 2a{qi)+diqi)-2^x{^{X,qi,¥e)[l]). for every i ^ 1, ... ,n. 

Proof. We shall give a global argument: first, according to [22, Ch.IV, Prop. 17.7.8] and [43, 
Ch.XI, §2, Th.2], we can find : 

• an etale map A ^ A' of if + -algebras of finite presentation such that the induced map 

A 0K+ A' ®K+ is an isomorphism; 

• a finitely presented A'-algebra B with an isomorphism A'^ (8)a' B' ^ B. Especially, the 
induced morphism A' ®k+ i^ — > B' ®k+ K is still etale. 
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Set T := Spec A' and X := Spec B'. Using (3.2.1) one deduces natural isomorphisms in the 
derived category of complexes of F^-vector spaces: 

(3.2.32) A{X, q,, F,) ~ i?*x/5(F^,x)q, 

for every i — 1, . . . , n. The special fibre X^ := Spec B'/mB' of the -S'-scheme X is of pure 
dimension one, since it is finite over Spec A/mA, and it is reduced, in view of lemma 2.3.2. 

Hence X^ is generically smooth over Spec K^; denote by X^ and X^ respectively the seminor- 
malization and normalization of X^ (cp. [39, §7.5, Def.l3]). There are natural finite morphisms 

and the quotient -modules 

Qi := (7r2 o 7ri)*^xj/7r2*^x- and Q2 := 7r2*^x-/^x, 

are torsion sheaves concentrated on the singular locus X^"^^ c X^. By inspecting the definition, 
one verifies easily that 

(3.2.33) Q;(qi) = dim^- (52,qi for every i = 1, n. 

Similarly, using [41, Th.10.1] and lemma 2.2.12 one finds a natural bijection between the points 
of and the points of X^ lying over the point e X^ (cp. the proof of [31, Th.6.3]). This 
leads to the identity: 

(3.2.34) 0(qi) = 1 + dim^- Qi.qi for every i = 1, n. 

Now, let us fix one point q := q^ and choose an affine open neighborhood V C X of q such that 
X \ V contains X^"^s y |q j; by further restricting V we can even achieve that the special fibre 
is connected. One can then apply theorem 3.1.3 to produce a projective ^'-scheme Y of pure 
relative dimension one containing an open subscheme U such that is connected, Y is smooth 
over S at the points of Y^ \ Us, and furthermore U^^^ ~ ^/v^- construction, the generic 
fibre Yk is a smooth projective curve over SpccK, and Y^."^^ C {q}. It is also clear that the 
morphism Y ^ 5* is flat, whence an equality of Euler-Poincare characteristics: 

x(Y;.,^yJ = x(Y.,^yJ. 

On the other hand, let c be the number of irreducible components of Y^; [39, §7.5, Cor.33] yields 
the identity 

dimF, H\Ys,et, ¥e) = dim^, H\Y^,„ F,) + dimK-{n,&Y^/ ^y.) -c+1 
= dim^^H\Yl,„¥e) + d{c\)-c 

where Y^ Y^ is the natural morphism from the normalization to the seminormalization of 
Yg. Since dimp^ i7°(Y^^^^, F^) = c, we deduce 

Xet(Y„F,)=Xet(Y^F,)-^(q) + l. 

Furthermore, in light of (3.2.33) and (3.2.34) we can write 

X(Y., ^yJ = X(Y°, ^yJ - «(q) - 0(q) + 1. 
By Riemann-Roch we have 

Xet(Y,^ F,) = 2x(Y^, ^yJ and x^Yk, F,) = 2x(Y;,, ^yj. 
Putting everything together we end up with the identity: 

Xet(Y,,, F,) = Xct(Y„ F,) - 0(q) + 1 - 2a(q). 

Now, the complex R^Y/s(¥e) is concentrated at Y^"'^ c {q}; it follows that i?$Y/s(F^) ~ 
j\R^(j/s(¥e), where j : U^^ — ^ Y^ is the open imbedding. Since furthermore the henselizations 
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of U and V are isomorphic, we have a natural identification i?$u/s(IFf)q ^ i?$v/s(IF^)q — 
R^x/s(^e)q- Consequently 

(3.2.35) xiR^x/si^i),) = Xct(Yi,,F,) - Xct(Y.,F,) = 1 - 0(q) - 2a(q). 

Clearly x(i?^'x/5(F^)q) = 1 + x(i?$x/s(F£)q), whence the contention. □ 

3.3. Conductors. We consider now a finite Galois etale covering / : X ©(a, 6) of Galois 
group G. For given r G (a, b] H T^, pick any a; G f^^{r]{r)); G acts transitively on the set 
f^^{ri(r)) and the stabilizer subgroup 5*^2; C G of a; is naturally isomorphic to the Galois 
group of the extension of henselian valued fields K{r)^^ C k{x)^^^ (see [31, §5.5]). By [31, 
Prop.l.2(iii) and Cor.5.4], k{x)^^'^ is a free «;(r)^''+-module of rank equal to the order o{Stx) 
of Stx\ hence the different ^^^(r) of the ring extension K{r)^^^ C k{x)'^'^^ is well-defined 
and, by arguing as in (2.1.7) one sees that it is principal. Moreover, it is shown in [31, Lemma 
2.1(iii)] that for every a G St^ there is a value ixio-) G r+ U {0} such that 

\t - a{t)t^ ^ ix{a) 

for all t G k{x)^^ such that is the largest element of r+ \ {0}. The same argument as in 
the case of discrete valuations shows the identity 

(3-3.1) I^^Molf^ n '^^^)- 

One defines the higher ramification subgroups of Six by setting : 

:= {a G Stx I < 7} for every 7 G 

and one says that 7 G F+ is a jump in the family (P^ | 7 G F+) if P^/ 7^ P^ for every 7' < 7. 

When 7 < 1, the subgroup Py is contained in the unique p-Sylow subgroup St^x"^ of Stx- 

Furthermore, one has Artin and Swan characters; to explain this, let us introduce the total 
Artin conductor. 



'■ Stx ^ ^xiS^^ '■ — 



ix{(T) if (7 7^ 1 

JJ ix{T) if(j=l. 



It is convenient to decompose this total conductor into two (normalized) factors: 

s\[a) := o{Stx) ■ ax{crf and al{a) := -o{Stx) ■ loga^((7)^ for all a G Stx- 

and as usual the Swan character is sw^. := a^. — ust^-, where ust^ :— f^gst^ ~ ^st^ is the augmen- 
tation character, i.e. the regular character reg^^^ minus the constant function Ist^^icr) '■= 1 for 
every a G St^. Huber shows that (resp. sw^,) is the character of an element of KQ^Q^lStx]) 
(resp. of Ko{Zi[Stx]) : see [31, Th.4.1]); these are respectively the Artin and Swan represen- 
tations. In general, these elements are however only virtual representations (whereas it is well 
known that in the case of discrete valuation rings one obtains actual representations). 

3.3.2. The identities obtained in [47, §19.1] also generalize as follows. Let 70 := 1 G F^. and 
7i > 72 > • • • > 7n be the jumps in the family (P^ | 7 G F+) which are < 1. Then directly 
from the definitions we deduce the identities : 



(3.3.3) 3i = Y^ o{P,,) • log ^ • Indl^^up^^ sw^ = J] o(P,J • (7? - 7I1) • Indf^^up. 
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where u p^. is the augmentation character of the group . Especially, notice that there exist two 

b 



^-valued and, respectively, Q-valued class functions a^^ and sw'' of the p-Sylow subgroup 



St^l\ such that: 



at = Ind^;^,)a^ (,) and sw^ = Ind^J^^^sw^ 



(the induced class functions from the subgroup St'i'^ to St^, here we view as an IR- valued 
class function). Next, we define 

aj,(r+) Indf,^ a^ a^(r+) Ind^^^,, a^^(,, swj,(r+) Ind J^,) sw^.^ . 

Notice that aQ(r"'") and sw^(r"'") do not depend on the choice of the point x e f~^{v{f))- 
Moreover, for any element x ^ Ko{C[G]) we let : 

a^(x, r+) := (a^(r+), x>g swJ,(x, r+) := (sw!.(r+), x)g 

where (•, ■)g is the natural scalar product of IR (8)z Ko{C[G]) ([47, §7.2]). For future reference 
we point out : 

Lemma 3.3.4. (i) a^(x,r+) e R for every xe Ko{C[G]). 

(ii) Moreover, ag.(x, r"*") > whenever Res^^(p)X is a positive element of KQ{<C[St^\). 

Proof. Both assertions follow easily from (3.3.3). □ 

3.3.5. Now, suppose that f : X' ^ D(a, 6) is another finite Galois etale covering which 
dominates X, i.e. such that /' factors through / and an etale morphism g : X' ^ X. Then 
g{X') is a union of connected components of X. Let G' be the Galois group of /'; we assume 
as well that g is equivariant for the G"-action on X' and the G-action on X, i.e. there is a group 
homomorphism 

<p:G' = Aut(X7D(a, h)) ^ G = Aut(X/D(a, h)) 

such that 0((t) o g = g o a for every a G G'. Pick x' G X' lying over x; there follows a 
commutative diagram of group homomorphisms : 



G' — ^G 

whose vertical arrows are injections and whose top horizontal arrow is a surjection. One shows 
as in [46, Ch.VI, §2, Prop.3] that : 



whence the identities : 

(3.3.6) a^(r+) - Indg,a^,(r+) a5,(r+) = Indg,a^,(r+). 

3.3.7. Later we shall also need to know that the conductors are invariant under changes of 
base field. Namely, let {K, | ■ |) — (F, | • |p) be a map of algebraically closed valued fields of 
rank one; say that X = Spa B, and set : 

Xf := Spa^gi^F ©(a,^)^ := Spa A(a, 6)®i^F. 

The natural map of adic space Xp — X is surjective and G-equivariant, hence we may choose 
x' e Xp lying over x. Let /' : Xp — > D(a, 6)^ be the morphism deduced by base change from 
/. Then we may define Artin and Swan conductors for the extension K,{f'{x'))^ C k,{x')^. 

Lemma 3.3.8. In the situation of (3.3.7), the following holds : 
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(i) The natural map n{x) — > k{x') induces isomorphisms on value groups and Galois 
groups : 

(3.3.9) ^ r^/ st^, ^ st^. 

(ii) Under the identification (3.3.9), we have : 

ixi^) — vC^") for every a e St^- 

Proof. Set r]{r) p := f'{x') and K{r) p '■= K{r]{r) p)', one checks easily that the natural commu- 
tative diagram : 

K{r) ^(r) := {f.&x)r,{r) 



<r)p ^{r)F := {fl^x^Ur)^ 

is cocartesian. By lemma 2.2.12, the set f^^{y]{r)) (resp. f'^^{r]{r)p)) is in natural bijection 
with the set of valuations on ^(r) (resp. 3§{r)p) that extend | • \r,{r) (resp. | • \rf{r)p)- It then 
follows by standard valuation theory (see [9, Ch.VI, §2, Exerc.2]) that the map f'^^{r]{r) p) 
f^^{ri(r)) is a surjection; let (resp. N') be the cardinality of f^^{i]{r)) (resp. f'^^{r]{r)p)). 
Moreover, ^{r)p is reduced, by [11, Lemma 3.3.1.(1)]; let r be its rank over K{r)p, which 
is also the rank of ^{r) over K,{r). Since K{r]{r)) and K{r]{r)p) are defectless in every finite 
separable extension ([31, Lemma 5.3(iii)]), we deduce that : 

r = iv-(r, :r,(,)) = iv'-(r,, :r,(,)^). 

We know already that A^' > A^, and since r,,(,,) = r^(r)^, it is also clear that (Fx-/ : r^(r)^) > 
(Fa; : Tn(r)), whence (i). Next, in light of (i), for every a G Stx' we may compute ix'io-) as 
W{t) — t\x', where t e k,{x) is any element such that \t\x is the largest element in r+ \ {1}. 
Assertion (ii) is then an immediate consequence. □ 

Lemma 3.3.10. For every subgroup H d G, denote by fn '■ X/ H — > D(a, a^^) the morphism 
deduced from f. The following identities hold: 

Sf,{-\ogr) = a'a{C[G/H],r+) for every r e (a, b] fl Fk 

and 

-7^(-logr+) = swJ.(C[G'/iJ],r+) for every r e (a,6] nTj^. 

CLv 

Proof (Here C[G/H] = Indgl^, where 1 H is the trivial character of H.) First of all, one 
applies (3.3.1) to derive, as in [46, Ch.VI, §3, Cor.l] that 

l^/.('^)lV) = (a5,(r+),Ind|l^)G and - log \^l{r)t,^r) = (a^(r+), Ind|l^)G 

(notation of (2.3.12)), which already implies the first of the sought identities. Moreover we 
deduce: 

(sw5,(r+),Ind|l^)G = K(^)\l^r) - (Indf,^U5*.,Ind|lH)G 
= Ki'-)\l^r) + m\G/Stx)-iG:H). 

which is equivalent to the second stated identity, in view of lemma 2.2.17(iii) and proposition 
2.3.17. □ 
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3.3.11. Of course, one can also repeat the same discussion with the point ri'{r) instead of r){r) 
(notation of (2.2.10)); then one obtains characters a)j{r~), aQ{r~), sw^(r~) and - in view of 
example (2.3.16) - the identity: 

(3.3.12) — ^(-logr") = (sw5j(r"), regG)G for every r e [a,b)nTK. 

Moreover we have : 

Lemma 3.3.13. aQ(r~) = aQ(r+). 

Proof. In view of (3.3.3) and its analogue for a^(r~), we see that both sides of the sought 
identity are elements of R (g)^ Rq{G) (notation of [47, §12.1]). By [47, §13.1, Th.30], it then 
suffices to check that a^(C[G'/i7], r") = a^(C[G/if], r+) for every (cyclic) subgroup H c G. 
The latter is clear, in light of lemma 3.3.10. □ 

Proposition 3.3.14. For every x G Ko{C[G]) the function 

: (logl/6,logl/a] nlogrx ^ M : - logr ^ a^(x, r+) 

is the restriction of a piecewise linear continuous function defined on (log 1/6, log 1/a], and the 
following identity holds : 

dS 

— j^(— logr"*") = swq(x, r"*") for every (a, 6] n F/^ . 

CLv 

Proof. Due to Artin's theorem [47, §9.2, Cor.] we may assume that x is induced from a character 
p : if — > of a cyclic subgroup H c G. Denote by aj"^ (resp. SW|^) the restriction to H of 

(resp. of swq); by Frobenius reciprocity, we are reduced to showing that the map : 

-logr ^ (a|H(r+),p)ff 

extends to a piecewise linear and continuous function, with right slope {a^^fj{r~^), p)h- Let k 
be the order of p, i.e. the smallest integer such that p'^ — l^f; we shall argue by induction 
on k. For A; = 1, p is the trivial character, and then the assertion follows from lemma 3.3.10. 
Hence, suppose that A; > 1 and that the assertion is known for all the characters of H whose 
order is strictly smaller than k. There exists a unique subgroup L C H with [H : L) = k, 
and C[H/L] c C[H] is the direct sum of all characters of H whose orders divide k. By 
lemma 3.3.10 the sought assertion is known for this direct sum of characters, and then our 
inductive assumption implies that the assertion is also known for the sum p' := pi © ■ ■ ■ © Pn 
of all characters of H whose order equals k. The latter are permuted under the natural action 
of {Z/kZy on Kq{C[H]) (cp. [47, §9.1, Exerc.3]). Moreover, for any j e {Z/kZy let 
: Ko(C[H]) Ko(C[H]) be the corresponding operator. 

C/a/m 3.3.15. af^ = M/j (afj:^) for every j G {Z/kZy. 

Proof of the claim. From [31, Lemma 2.6] it follows that aa;((j) = aa;(r) whenever a and r 
generate the same subgroup of St^. The claim is a direct consequence. 

Using claim 3.3.15 we compute : 

(af^(r+),p) = (vl/,(af^(r+)),x|/,(p)) = (at^(r+), v|/,(p)) 
for every r e (a, h] fl Tk and every j e (Z/ fcZ) ^ . Thus : 



o((Z/A;Z)x) 

A similar argument yields a corresponding identity for swq(x, r"*"), and concludes the proof of 
the proposition. □ 
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The following is the main result of this chapter. 

Theorem 3.3.16. Suppose that b = a~\ so that we can define the complex ofLilGYmodules 
A^(X) as in (3.2.12). Then we have the identity : 

[Q ®^ A:,(X)[1]] = sw5,(l+) + sw5,(l-). 

Proof. We begin with the following: 

Claim 3.3.17. For every abelian subgroup H c G we have a natural identification: 

Proof of the claim. Indeed, let pi,. . . ,pfc be the prime ideals of {B°)^ lying over ^ (notation of 
(3.2.5)); for every j :— 1, . . . ,k let Sj be the set of the prime ideals of B° lying over p^. Clearly 
Uj=i Sj — {qi, . . . , C{n}, and for every j < k the subgroup H stabilizes the direct sum 

Let Lj c H he the stabilizer of any (hence each) element of Sj; by lemma 3.2.27 we have a 
natural identification: 

^'ooiX.S,)^^ = A:,(X/L,,q^O = A:,(X/i/,p,). 

However, the quotient H/Lj permutes transitively the summands of A^(X, Sj)^^, whence the 
claim. 

Claim 3.3.18. For every cyclic subgroup if C G we have: 

(3.3.19) ([Q ®z AI(X)[1]],C[G/H])g = (sw^(l+) + sw^(l-), C[G/H])g. 

Proof of the claim. We use the morphism h :— Spa o / defined in example 2.3.13. For H C G 
any cyclic subgroup, set hn ■= Spa w o . In view of proposition 3.2.30 and claim 3.3.17, and 
arguing as in the proof of theorem 2.3.35, we see that the left-hand side of (3.3.19) computes 
(— 1) times the left slope at the point of the discriminant function of Hh- But combining 
lemma 3.3.10, (3.3.12) and example 2.3.16 we conclude that also the right-hand side admits the 
same interpretation. 

Since swg,(l+) + swq(1~) is a rational valued function on G, the theorem follows from claim 
3.3.18, theorem 3.2.17(ii) and [47, §13.1, Th.30]. □ 

Corollary 3.3.20. Keep the notation of proposition 3.3.14. For every complex representation 

p ofG, the function Sf^p is the restriction of a non-negative, piecewise linear, continuous, and 
convex real-valued function defined on (log 1/6, log 1/a], with integer slopes. 

Proof. Continuity and piecewise linearity are already known from proposition 3.3.14, and p 
takes values in M>o, by lemma 3.3.4(i),(ii). In view of [31, Th.4.1], proposition 3.3.14 also 
implies that the slopes of Sf^p are integer. Finally, let r e (a, b] n Fi^ be a radius such that the 
left and right slope of S f^p are different at the value — log r; up to restricting the covering /, and 
rescaling the coordinate, we may assume that r = 1 and b — a~^, in which case theorem 3.3.16, 
lemma 3.3.13 and (3.3.12) yield the identity : 

(3.3.21) {[Q^^AliX)][l],p)G - ^(0+) - ^(0-). 

However, lemma 3.2.15 implies that the left-hand side of (3.3.21) is a non-negative integer for 
any representation p, whence the contention. □ 
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3.3.22. Next we consider modular representations of G. Namely, let A be a complete discrete 
valuation ring with residue field A of positive characteristic ^ p, and field of fractions Aq := 
A[l/£] of characteristic zero. We assume that we are also given a fixed imbedding of Aq into 
the field of complex numbers : 

(3.3.23) Aq ^ C. 

As usual (cp. (3.2.9)), for any group H we denote by Kq(K[H]) (resp. by K^(K[H])) the 
Grothendieck group of the category of A [i/] -modules of finite rank over A (resp. of projective 
A[if]-modules of finite rank). We shall also consider Kq{Kiq[H]) = K'^{kQ[H]). The tensor 
product (over A) induces a ring structure on these groups, and according to [47, §15.5, Prop.43] 
there is a commutative diagram of ring homomorphisms : 



K\K[H]) > Mm]) 



such that dn and en are adjoint maps for the natural bilinear pairing 

{■,-)h ■ K\h[H]) X K^(K[H]) 
i.e. we have the identity ([47, §15.4]) : 

(3.3.24) {p,dH{x))H = {eH{p),x)H forevery x e MAq[H]) and p G K\A[H]). 

3.3.25. For instance, for every r G (a, b] fl there exists a unique element sw^(r+) G 
K^{A[G]) such that swg,(r+) = eG(swg,(r"'")). Likewise, by inspecting (3.3.3) we see that there 
exist elements 

a^(r+) G M ®z K\A[G]) a^,) (r+) G M ®z K%A[St^P^]) 

such that : 



(r+) = e^^(.)(a^,)(r+)) a^(r+) = ecla^r^)) a^(r+) = Ind^^(,)a^,)(r+). 

Now, let X G Ko{A[G]) be any element; we define the function : 

Sf^^ : (log 1/6, log 1/a] n logT,, ^ C - logr ^ (a^(r+), x)g- 

Proposition 3.3.26. Ifx is the class of a A-linear representation (i.e. a positive element of 
Kq{A[G])), then 5/,^ is the restriction of a non-negative, piecewise linear, convex and continu- 
ous real-valued function defined on (log 1/6, log 1/a], and moreover : 

(3.3.27) ^(_iogr+) = (sw5,(r+), x)g 

Proof According to [47, §16.1, Th.33], we may find x e Ko{Aq[G]) C Ko{C[G]) such that 
dcix) — X- For every r G (a, h] fl Tk, we compute : 

5/,^(-logr) = (a^(r+),dG(x)>G = (a^(r+),x>G 

and then piecewise linearity, continuity, as well as (3.3.27) follow from proposition 3.3.14. 
Since Res^ (p) (x) = d~\p) oRes^ (p) (x) is a positive element of KQ{<C[St^\), lemma 3.3.4(i),(ii) 

btx Stx ^'^x 

implies that 5/^^ (— logr) G [0,+oo). 

As for the convexity, notice that we cannot apply directly corollary 3.3.20, since the element 
X G Ko{C[G]) may fail to be positive. Nevertheless, the argument proceeds along the same 
lines : let r G (a, b] fl Fi^ be a radius such that the left and right slopes of Sf;^ are different at the 
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value — logr; we may assume that b — and r = 1, in which case the class [A^(X)[1]] e 
ir°(Z^[G]) is well defined and positive. Clearly we have : 

[Q®^Al{X)[l]]=eG{[A'{X,A)[l]]) 

(notation of (3.2.5)). Then we compute using theorem 3.3.16, lemma 3.3.13 and (3.3.12) : 

(3.3.28) ^(0+) - ^(0-) = {[Q^zAI{X)][1],x)g = {[A'{X,A)[1]],x)g 

where again the last identity follows from (3.3.24). To conclude we apply proposition 3.2.10(iii) 
to deduce the sought positivity of the right-most term in (3.3.28). □ 

Next, we wish to investigate the continuity properties of the higher ramification filtration. 
These are gathered in the following : 

Theorem 3.3.29. In the situation of (3.3), there exists r' e (a, r) and, for every s e (r', r] flFi^, 
apoint x{s) G f ^^ivi^)) such that : 

(i) The stabilizer Stx{s) ^ G of x{s) under the natural G-action on f~^{'rj{s)), is a sub- 
group independent of s. 

(ii) The length of the higher ramification filtration of St x(s) = GslI{k,{x{s))^^ / k,{s)^'^) : 

is independent of s E (r', r] fl Vk- 

(iii) Set'^\ := 7fc(r)^ for every k <n. Then : 

lk{s) = (s/r)"^^ • 7fc(r) for every s e (r', r] n Fx- 

Proof. Choose r' e (a, r) fl such that the discriminant function Sf has constant left slope 

on [r',r] fl Tk- Up to rescaling the coordinates, we may assume that r = a and r' = 
with a := |7r| for some vr G m. Then ©(r'.r) = ]D)(a,a^^) = Spa A{a, a^^), and A° : = 
A{a, a~^)° = K~^{S, T)/{S - T — tt^). Also, there is no harm in replacing X by its restriction 
to /-^(D(r', r)). Let S be an affinoid X-algebra such that X = SpaS, and denote by <p C A° 
the unique maximal ideal such that S,T e^. Let qi, . . . , c S° be the maximal ideals lying 
over ^. 

Claim 3.3.30. For every s G (a, a~^] fl F^^ and every i < k there is exactly one point Xi{s) G 
f~^{r]{s)) such that K{xi{s))~^ dominates B°.. 

Proof of the claim. One argues as in the proof of theorem 2.4.3, using (2.4.4) : the details shall 

be left to the reader. 

By standard arguments we may find an etale ring homomorphism cf) : A° ^ C such that : 

• Spec C is connected, ^' := is a maximal ideal of C, and the induced map A°/^ — > 
C/*P' is an isomorphism. 

• Spec C <SiA° B° is the union of k connected components, which are therefore in natural 
bijection with the set {qi, . . . , q^}. 

Let be the vr-adic completion of C; then := ®k+ K is an affinoid 7^-algebra, 

and the induced morphism of affinoid spaces g : Y := SpaC^ — > D(a, a~^) is etale ([30, 
Cor.l.7.3(iii)]). 

C/a/m 3.3.31. (i) = C^. 

(ii) g restricts to an isomorphism := g(~^(D(a/|t|, |t|/a)) — >■ D(a/|t|, \t\/a), for every 
t G m \ {0}. 

(iii) For every s G (a, a"^] fl F^^, the preimage g~^{r]{s)) consists of one point. 
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Proof of the claim, (i): Since C is K'^-^dX, the same holds for (cp. the proof of lemma 
1.3.6); moreover C/mC is reduced, since it is etale over the reduced ring A~ (notation of 
(2.2.4)). Then the assertion follows from lemma 2.3.2. 

Next, denote by (resp. C^,) the henselization of A° (resp. of C) along *p (resp. along 
^'); for every t e m \ {0}, the map A° — > A"^ := 74(a/|t|, \t\/a)° (dual to the open immersion 
D(a/|i|, \t\/a) C D(a, a~^)) factors through a natural morphism A^ — > A^. Since induces 
an isomorphism A^ ^ C^,, assertion (ii) follows easily. This implies already assertion (iii), 
for every s G (a, a~^) fl Tk- It remains to show that there exists exactly one point in y e Y 
lying over rj{ar^) \ in view of (i), this is the same as showing that C ®k+ K admits exactly one 
continuous valuation | ■ \y : C ®k+ K ^VyVJ {0} such that 

|t|y = for every tGA° and < 1 for every tGC. 

These valuations are in natural bijection with the set of valuations | ■ on C /mC such that 
\^\y = for the class t G A^ of every element t E A° \ mA°. But since C/mC is etale 

over A^ and is a prime ideal, there is exactly one such valuation \ ■ \y. 
Let Z =X XB(a,a-i) Y; then Z = SpaC^ B°. Set D := B°. 

Claim 3.3.32. &zi^) ~ ^ ^ henselian along its ideal xnD. 

Proof of the claim. Obviously the second assertion follows from the first. Since B° is a finitely 
presented 74°-module (lemma 2.3.1), D is the vr-adic completion of C B°, and since the 
latter is flat over K'^, the same holds for D (cp. the proof of lemma 1.3.6). Furthermore, 
D/mD — (C/mC) (8)a~ -B~. By lemma 2.3.2, the ring is reduced, hence the same holds 
for D / xnD, and then the claim follows by a second application of lemma 2.3.2. 

It follows from claim 3.3.32 and the construction of C, that Z splits as the disjoint union of k 
open and closed subsets Z^^{i = 1, . . . ,k),m natural bijection with the set S := {qi, . . . , q^}, 
and such that precisely one prime ideal of ^^i^m) ^i^^ over for every i < k. Choose 
arbitrarily q G E, and let Z^, c Z be the corresponding open and closed subset. The restriction 

h : Zq ^ Y of f XD(a,a-i) ^ is a finite Galois etale morphism, whose Galois group is the 
stabilizer St{q) C G of q for the natural G-action on S. Furthermore, combining claims 3.3.30, 
3.3.31 we deduce that, for every s G (a, a^^] fl there exists precisely one point z{s) G Z,^ 
such that {h{z{s))} = g~^{7]{s)); set y{s) := h{z{s)) for every such s. Let g' : Z(^ ^ X he 
the restriction of X XD(a,6) 9, and set x{s) := g'{z{s)) for every s G (a, a~^] fl Tk. Since g' 
is equivariant for the action of St{q), we see that this family (x(s) | s G (a, a~^] D F^) fulfills 
condition (i); indeed we have Stx(s) = St{q) for each point x{s). 

Claim 3.3.33. For every s G (a, a~^] fl Tk, the following holds : 

(i) The natural maps k{s) K{y{s)) and k{x{s)) k{z{s)) induce 5't(q) -equivariant 
identifications : 

^(s)A'^+ ^ K{y{s))'"'+ and K(a;(s))^'^+ ^ 

(ii) The map K{y{s)) — >• k{z{s)) is a finite field extension, and k{z{s)) = {h^&zjy(s)- 

Proof of the claim, (i): For s < this is already clear from claim 3.3.3 l(ii); indeed in this case 
one does not need to complete, nor to henselize, to obtain isomorphisms. For the case where 
s = a"\ set D := K{a~^)^'^^ C, and let D" G Dh& the normalization of fi;(a"^)^^+ in D. 
Then Spec D and Spec have the same number of irreducible components; moreover D'^ is a 
product of finitely many valuation rings, each of which is a finite extension of K{a~^)^'^~^. Since 
C admits only one valuation extending | ■ \r^{a-i-), we deduce that precisely one of the irreducible 
components of Spec D is finite over K{a~^)^^~^. Let V be the direct factor of D corresponding 
to this irreducible component; then V fl Frac(C) is the valuation ring of the field of fractions 
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Prac(C), corresponding to y{a~^) e Y. On the one hand, the extension K,{a^^)^^~^ — > F is 
etale, hence an isomorphism; on the other hand, the natural map V — > K(y(a~^))^'*+ induces a 
bijection on value groups, so the map K{a~^)^^~^ K{y{a~^))^^~^ is an isomorphism, as stated. 
The remaining assertion concerning K{x{a~^))^^~^ is an easy consequence; the details shall be 
left to the reader. 

(ii): It suffices to show that z{s) admits a cofinal system of open neighborhoods U C such 
that the restriction hp : U h{U) is finite. However, let V C Z^he any open neighborhood 
of z{s); since {z{s)} = h~^{h{z{s))), the subset U :— h~^{Y \h{Zcf\V)) C \^ is also an open 
neighborhood of z{s), and clearly h\u is finite. 

Claim 3.3.34. Let U C be an open neighborhood of z{a~^), t e &z{U) any section, and set 
k :— Then there exists r e (a, a~^) such that : 

(i) z{s) e U for every s G [r, a~^] fl F^. 

(ii) 1^1^(3) = I^U(a-i) • {s ■ a)^ for every s e [r, a~^] D Tk- 

Proof of the claim. Notice that claim 3.3.33(ii), and lemma 1.1.17(iii) imply that the spectral 
norm induced on the -algebra k{z{s)) agrees with the valuation | ■ \z{s), for every s G 

(a, a~^] n Vk- Then we may argue as in the proof of lemma 2.2.20, to reduce the claim to the 
special case where Z^ = Y and h is the identity map, therefore U C F is an open neighborhood 
of y{s) and t G &y{U). In such case, in view of claim 3.3.33(i), we may find t' G K{a~^) 
such that \t/t'\yi^a-^) = 1- Then t/t' extends to a section of over an open subset U' C U 
containing y{a^^), and up to restricting U' we may assume that t/t' is invertible in (f/'). 
Applying again claim 3.3.33(i) we see that \t\y{_s) = \t'\r}{s) for every s G [s, a~^] Pi Tk such that 
y{s) G U', and then both assertions follow from lemma 2.2.20. 

Let d :— o{Stq), and pick t G K{z{a^^)) such that 



.(a-i) 



By claim 3.3.34, there exists an open neighborhood U C Z^of z{a ^) and r G {a, a ^) such 

that t G ^z{U), z{s) G U for every s G [r, a"^] n Tk and : 

(3.3.35) = |tU(„-i) • {s ■ afl'^ = (1 - ef/'^ ■ (s • af^'^ for every s G [r, a'^] n T^^. 
Let (7 G St{c^) be any element; by definition, we have : 

iz(a-i){.0-) = \t- 0-(t)|2(a-l). 

Now, let s G [r, a"^] fl Tk, and choose c G such that |c| = [s ■ a)^/'^; in view of (3.3.35), 
we also obtain the identity : 

(3.3.36) i,(,)((7) = |c-^ • i - a{c-^ ■ t)l^s) = • a)-^'" ■ \t - cT(i)|,(,). 

Set k :— iz(a-i)(c)''; if we apply claim 3.3.34 tot — a{t), we can rewrite (3.3.36) in the form : 

= {s ■ af-"" ■ \t - = {s ■ af-'" ■ 

which easily yields assertions (ii) and (iii). □ 

3.3.37. Clearly, the analogue of theorem 3.3.29 holds also for the fibres over the points ri'{s) 
(see (3.3.11)). Namely, suppose that r G [a, 6); then there exists r' G (r, a~^) and for every 

s G [r, r') n F/^ a point ,t'(,s) G f^^iv'i-^)) such that : 

• The stabilizer subgroup Sta:'(s) C G of a;'(s) under the natural G-action on f~^{ri'{s)), 
is independent of s. 
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• The length of the higher ramification filtration : 

of 5t^'(s) = Gal{K{x'{s))^''/K,'{s)^^) is independent of s e [r,r') n Fk- 

• Set := /9jk(r)'' for every k < m. Then : 

Pkis) = (s/r)"''fc • /3fe(r) for every s e [r, r') n Vk- 

In other words, at the left (resp. at the right), of every r G (a, 6) fl F^, the higher ramification 
filtrations of the points lying over rj{s) (resp. ri'{s)) for s sufficiently close to r, change in a 
continuous - indeed linear - fashion. To get the complete picture, we must also analyze what 
happens when we switch from the left to the right of a given radius r, i.e. we need to understand 
how the filtrations {P^yiir) \ i — 1, ■ ■ ■ ,n) and (-P/3j(r) | i = 1, . . . , m) are related. The key is 
to compare both ramification filtrations to a third one, attached to the finite Galois extension 
K{r^) C K(a;(r)^) = K(a;'(r)^) (see [30, Prop. 1.5.4]). To this aim, we make the following : 

Definition 3.3.38. Let f : X ^ D(a, b) be a Galois finite etale covering, with Galois group 
G, X G X a point of type (III) and its unique proper generization (notation of (2.2.8)). Let 
Stl. C G be the stabilizer subgroup of the point a;^ under the natural action of G on f^^f{x^). 
Then St^. is naturally identified with the Galois group Gal(«;(a;^)'^/«;(/(a:''))^). For any given 
ce K+\ {0} we set : 

:= Ker{St ^ Aut(K(x^)^+ ®k+ K+/cK+)) where 7 := |c|. 

Clearly is a normal subgroup of St^. for every 7 G F^. and the sequence (P^ | 7 G F J) is 
called the higher ramification filtration of S'i^. 

Proposition 3.3.39. Let x e X be as in (3.3), and let (Py | 7 G F+) (resp. (P{ | 7 G F+)j Z^e 
the higher ramification filtration of Stx (resp. ofSt^.). Then St^ C St^. and moreover : 

neZ 

(Here 70 largest element of F+ \ {1}.) 

Proof. The first assertion is obvious. Next, let {xi, . . . , Xk} := f~^f{x) be the orbit of a; = 
under the G-action; in light of lemma 2.2.2, we see that K{xi)^ = k{xY for every i < k, and 
the rings ^(,7;^)^+ are the valuation rings of the field k{x'")^ that dominate K( f{x))^^. Let C 
be the integral closure of k,(/(,t))^+ in /s:(a;^)^; C is semilocal ring, whose localizations at the 
maximal ideals are the valuation rings K,{xi)^^; applying [41, Th.1.4] we may then find t G C 
such that : 

(3.3.40) \t\^ = 1 and \t\^^ < 1 for every i = 2,...,k. 

Suppose now that a e Sti\ St^; (3.3.40) implies easily that \a{t) - t\^^, = {\a{t) - t\^f = 1, 
hence a ^ P^ whenever 7 < 1, in other words : 

(3.3.41) P^ C St^ for every 7 < 1. 

Thus, suppose a E P^ for some 7 < 1, and choose t G k{x)^ such that = 70; due to 
(3.3.41), we have : i^,{af = \a{f:) - < 7, whence P^ C P^ := Unez^7?-7- 

Conversely, suppose a E P^ for some 7 G F+ such that 7^ < 1; by definition, this means that 
W{t)-t\x < 7for every t G k{x)^^ ([31, Lemma2.1(ii)]). Lets G then c-s G k{x)^^ 

for every c G m, hence : 

|c| ■ |cr(s) — <s| = \a{c ■ s) — c ■ s\x < ^ 
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therefore \a{c ■ s) — c ■ s\x < 'y ■ \c\ ^ for every c e m \ {0} and consequently |a(s) — < 7^ 
i.e. a e P^b, which shows that C for every 7 e T J \ {1}, as stated. □ 

Remark 3.3.42. If we apply proposition 3.3.39 to a pair of points x,x' e X lying over r]{r) and 
respectively ry'(r), and such that — x'^, we see that both ramification filtrations "to the left" 
and "to the right" of the radius r can be compared to the same "central" ramification filtration 
for Stl. = St^.,. This expresses the sought continuity property for the jumps of the ramification 
filtrations. 

4. Local systems on the punctured disc 

In this chapter we fix a complete and algebraically closed valued field (i^T, | ■ |) of rank one 
and of zero characteristic. We shall use the standard notation of (2.2), and we suppose that the 
characteristic of the residue field is p > 0. 

4.1. Break decomposition. Let A be an artinian local Z[l/p] -algebra whose residue field A 
has positive characteristic £ 7^ p; we assume that the group A^ of invertible elements of A 
contains a subgroup isomorphic to fXp^c := |J„^q fipn (where fXpn denotes the group of p^-th 
roots of one contained in and we fix such an imbedding : 

(4.1.1) /XpooCA\ 

Moreover, we shall also suppose that A is the filtered union of its finite subrings. This latter 
condition is motivated by the following : 

Lemma 4.1.2. Let X be a quasi-compact analytic adic space over K, F a locally constant 
constructible A-module on the etale site X^t of X. Then there exists a finite subring A' C A 
and a locally constant constructible A' -module F' on X^t such that F c:^ F' ® a A'. 

Proof. This lemma - stated in the language of Berkovich's non-archimedean analytic varieties 
- appears in [42, Lemma 4.1.8]. We sketch here the argument in the case of adic spaces. First, 
using [30, Lemma 1.4.7, Cor. 1.7.4] we find finitely many affinoid open subsets C/i, . . . , C/„ C 
X covering X, and for each i < n a finite etale morphism fi ■ Vi Ui such that f*Fp- 
is a constant A-module, whose stalk (at some chosen geometric point of Vi) we denote AXj. 
Then Vi is an affinoid adic space for every i < n ([30, §1.4.4]), hence the same holds for 
Wi := Vi XUiVi, especially the set 7ro{Wi) of connected components of Wi is finite. Then the 
descent datum for F^u^ relative to the morphism /j amounts to a finite set of A-automorphisms 
{<pij I j G 7ro(W^i)) of Mi, fulfilling a certain cocycle condition. Since Mi is of finite type 
and A is noetherian, we may find a finite subring Aj C A, a finite Aj-module M/ and a set of 
automorphisms (0-^ | j G noi^i)) such that Mj ~ M/ A and (f)ij = (j)'^ 1\ for every 
i < n and j e 7ro(Wj). Furthermore, after replacing Aj by some larger finite subring, we can 
achieve that the cocycle conditions are still fulfilled by the system [cp'-j \ j E 7To{Wi)); hence 
the latter furnishes a descent datum for relative to fi, whence a Aj-module F/ on Ui^et such 
that F/ (8)Ai A ~ Fp.. Next, let Uij := Uif] Uj for every i,j < n, so that F is defined by a 
cocycle system of isomorphisms (F/ ®a. X)^u.. ^ {F- A)j^.^. Again, these isomorphisms 
are already defined over some larger subring Aj^ D Aj -|- A^, and the claim follows easily. □ 

Remark 4.1.3. (i) Keep the situation of lemma 4.1.2; an easy corollary is the following fact. 
There exists a finite etale covering f -.Y ^ X such that /*F is a constant A-module on Y^i. 

(ii) This is in general false, if A is not a filtered union of finite subrings : for a counterex- 
ample, consider an elliptic curve E over K, with bad reduction over K~^; it is well known that 
the associated analytic space E^^ can be uniformized by the analytic torus G^^, and the cor- 
responding etale covering G^j^ — > is Galois with group G ~ Z. If we take A := ¥i{T), 
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we may define an action % : G — > EndA(-Z^) on a one-dimensional A- vector space L, by let- 
ting a generator cr e G act as multiplication by T. The character x defines a locally constant 
constructible A -module on that trivializes on G^^, but does not trivialize on any finite 

covering of E^^. 

4.1.4. Let F a constructible, locally constant and locally free sheaf of A-modules on the etale 
site of the punctured disc of radius one, i.e. the analytic adic space 

D(l)* := D(l) \ {0} 

where G ©(I) is the closed point corresponding to the valuation given by the rule : /(^) i-^ 
1/(0)1 for every / e A(l) (notation of (2.2.7)). Following [31, §8], for every r G Fj. one 
defines the Swan conductor of the stalk viewed as a representation of the Galois group of 
the algebraic closure of the henselian field K,{r)^^ : 

(4.1.5) 7ri(r) := Gal((K(r)^'*)" : K(r)^'^). 

This conductor is a (possibly negative) integer which we shall denote by : 

sw^(F,r+). 

(Huber denotes this quantity by ax{F) in loc.cit., with x := r/(r).) 

4.1.6. In this chapter we wish to investigate the properties of the function 

(4.1.7) -logF+^Z : -logr ^ sw^(F,r+). 

To start out, the identity ([31, Lemma 8.1(iii)]) : 

sw''(F, r+) = length^A • sw''(F (g)A A, r+) 

reduces the study of sw''(F, r"*") to that of sw^(F (8)a A, r). Now, for every r G F^ let us fix 
a finite Galois etale covering : X,. D(r, 1) such that /*-F|D(r,i) is a constant sheaf (since 
D(r, 1) is a quasi-compact open subspace of D(l)*, the existence of fr is ensured by remark 
4.1.3(1)). Let Gr be the Galois group of the covering J^; the sheaf (F ®\ A)|D(r,i) can be 
regarded in the usual way as a finite dimensional A-linear representation of G, in other words, 
as a positive element x G ii'o(A[G]). By inspecting the definitions we find the identity : 

sw^(F, s+) = lengthy A • {^\.^{s+) ,x) Gr for every s G (r, 1] n F^. 

This leads us to set : 

5f{- log s) := length^A • log s) for every s G (r, 1] n Vk 

(notation of (3.3.25)). Suppose now that : X'^ ^ D(r, 1) is another Galois covering that 
dominates (i.e. such that factors through Z^). Let G' be the Galois group of /^', and set x' : = 
Rcs^,X; it follows easily from (3.3.6) that 5/,,^^ = Since any two Galois etale coverings 

are dominated by a common one, we deduce that the function Sp thus defined is independent of 
the choice of /. Especially, let r' < r be another positive real number in F^^-, choose a Galois 
etale covering fr' : X' D(r', 1) trivializing F, let x' be the A[Gr']-module corresponding to 
{F (8)a ^)\]0{r',i) and define the function S'p := Icngth^A ■ '■ (0, log 1/r'] fl logF/^ — > M; 

it follows easily that 6p agrees with Sp wherever the latter is defined. Hence, by patching these 
locally defined function, we obtain a well defined mapping : 

dp ■■ -logF+ ^ M. 

Proposition 4.1.8. In the situation of (4.1.4), the mapping Sp is the restriction of a non- 
negative, piecewise linear, continuous and convex real-valued function. Moreover : 

^Y^(— logr"*") = sw''(F, r"*") for every r E F'j^. 
dt 
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Proof. All the hard work has already been done, and it remains only to invoke proposition 
3.3.26. □ 

Corollary 4.1.9. In the situation of (4.1.4), the function : 

— logF^— i^Z — logr I— >• sw''(F, r"*") 
is monotonically non-decreasing, and moreover : 

sw^(F,0+) := lim sw^(F,r+) e NU{+oo}. 

Proof. The monotonicity follows from the convexity of dp. The limit value sw''(F, 0"*") cannot 
be negative, since 6f is non-negative. □ 

4.1.10. To advance further, we use the break decomposition of [31, §8]. We choose the elegant 
presentation of N.Katz in [34, Ch.l], which makes it transparent that this is really a general 
representation-theoretic device. Indeed, suppose that H is a finite group with a unique (hence 
normal) p-Sylow subgroup P, and assume that P admits a finite descending filtration : 

Pn:={l}cPn-iC---PiCPo:=P 

consisting of subgroups Pi normal in H for every i < n. Let R be any Z[l/p]-algebra, and for 
every i < n let us define the element : 



^ ^ gePi 

Since Pi is normal in H, every is a central idempotent element in R[H]. One verifies easily 
that the central idempotents : 

eo, ei-(l-eo), 62 • (1 - ei), ••• , e„ • (1 - e„_i) = 1 - e„_i 

are orthogonal and sum to 1, hence define a natural decomposition of R[H] in n -I- 1 direct 
factors. Correspondingly, every i? [if] -module M admits a break decomposition : 

M = M_i e Mo e • • • ® Mn-i 

into i?[if]-submodules such that : 

M_i = Mp = for every i > and Mp = Mj whenever j > i. 

Furthermore, for every i < n the rule M ^ Mi defines an exact functor : it! [if] -Mod — > 
R[H]-M.od, and for every pair of i? [if] -modules M, N we have : 

Homi?[ij](Mj, Nj) — whenever i ^ j. 

One deduces easily that : 

Mi C ( M ®R N)^^^ij) ifi^j 

Mi^nNiC Ej<i{M ®R N)j for every i = -1, . . . , n 

^^•'•''^ HomK(M,,A/,)cHom^(M,7V)^3x(ij) ifi^j 

RomniMi, Ni) C J2j<i Hom^i(M, N)j for every i = -1, . . . , n. 

See [34, Lemma 1 .3] for details. Moreover, the break decomposition is invariant under arbitrary 
base-change R — > R', i.e. we have : 

(4. 1.12) (M ®R R')i = Mi (^R R! for every i < n. 
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4.1.13. The generalities of (4.1.10) shall be applied to the group H :— Stx of (3.3) and its 
higher ramification filtration, and with R :— A. However, for book-keeping purposes, it is 
convenient to replace the lower-numbering indexing of this filtration, by a upper-numbering one. 
With our current notation, this is defined as follows. First, one considers the order-preserving 
bijection : 

</> : Q ®z; ^ Q ®z ^ ^ n "^ax(7, i{g)/-fo) 

geStx 

where 70 G r+ is defined as in (2.2.14). Notice that maps (Q (8)z ^x)'^ bijectively onto itself. 
Next we let : 

-P"^ := -Poi-i{7) for every 7 G r+. 
If 7i > ■ ■ ■ > 7„_i > 7„ are the jumps in the family (P^ | 7 e r+) that are less than 1, we 
obtain therefore a finite filtration of St^ : 

where P is the ]?-Sylow subgroup of St^. If now M is any A-module, we derive a break 
decomposition as in (4.1.10) : 

M = M(i) e M(0(7i)) e • • • e m(0(7„)) 

such that M(l) = and : 
(4.1.14) 

-^(0(7i))'^'*^^'^ — for every i<n and M(0(7j))'^ ''^ = M(0(7i)) whenever j > i. 
The values 0(7i) such that M(0(7j)) 7^ are called the breaks of M. 

4.1.15. Especially, let F be as in (4.1.4), and r e Tj. Choose a e (0, r) n Tk and a finite 

Galois etale covering : Xa — > ©(a, 1) trivializing Fp(^a,i)- Denote by Ga the Galois group 
of fa, pick any point x E fa^ivi''"))^ ^rid let Stx C Ga be the stabilizer of x. The stalk 
:= Fjj(^r) is a A[G(j]-module of finite type, hence a A[5'ta;]-module, by restriction. Then the 
upper numbering filtration of St^ yields a break decomposition : 

(4.1.16) Fr = F.(/9o(r)) © P.(A(r)) © ■ ■ ■ © F,(/5„(r)) 

with 1 = /5o(r) > /5i(r) > • • • > Pn{r). Of course, this is also a 7ri(r)-equivariant decomposi- 
tion (notation of (4.1.5)). 

Lemma 4.1.17. With the notation of (4.1.15), we have the identity : 

n 

5f(- logr) = - J] log A(r)^ • lengthy (F,( A (r))). 

i=l 

Proof. First, (4.1.12) allows to reduce to the case where A = A. Then the sought identity is 
derived from (3.3.3) by a standard calculation (cp. the proof of [31, Prop. 8. 2 and Cor.8.4]). □ 

Lemma 4.1.18. In the situation of (4.1.15), choose r' G (a, r) such that the conditions (i) and 
(ii) of theorem 3.3.29 are fulfilled, with f := fa- Then, for every s G (r', r] Pi Tk ■' 

(i) The length of the break decomposition of Fg : 

Fs = Fs{l3o{s)) © Fs{l3i{s)) © • • • © Fs{l3n{s)) 
is independent of s. 

(ii) For every other s' G (r', r] fl Vk, the isomorphism uis,s' of theorem 3.3.29(i) induces 
equivariant isomorphisms Fs{(5k{s)) ~ Fs'{Pk{s')), for every k — 0, . . . ,n. 

(iii) Moreover, set (3\ :— /9fc(r)^ for every k <n. Then : 

(3k{s) = {s/rf^k ■ (3k{r) for every s G (r', r] n Vk- 
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Proof. This is an exercise in translating from lower to upper numbering. Indeed, assertions 
(i) and (ii) are clear from theorem 3.3.29, and it remains only to show (iii). However, let 

{x{s) I s e (r',r] n Vk} be a family of points as in theorem 3.3.29 (with / := /„), and 
P'yn{s) C ■ ■ ■ C P'y^{s) C St^xis) lower numbering ramification filtration of Stx(s)- Let also 70 
be the largest element in F^^^^ \ {!}• Then, for every A; < n we may compute : 

= 7fe(s)°(-^-^*("^ ■ Yl 7t(s)°^^''*(^)^"''^-^-^*+iW^ 
i<t<fc 

so the sought identities follow from theorem 3.3.29(iii). □ 

4.2. Local systems with bounded ramification. We keep the notation of (4.1). Corollary 
4.1.9 suggests the following : 

Definition 4.2.1. Let F be a locally constant and locally free A-module of finite rank on the 
etale site of D(l)*. We say that F has bounded ramification if sw'' {F, 0+) e N. 

The class of sheaves with bounded ramification includes that of meromorphically ramified 
A-modules from [42]. The first result concerning these sheaves is : 

Theorem 4.2.2. (i) IfF and F' are two A-modules with bounded ramification on ID)(1)|^, then 
F (8)A F' and Jifom/i^{F, F') have also bounded ramification. 

(ii) Especially, if A is afield, the full subcategory of the category of A-modules on D(l)|t. 
consisting of all A-modules with bounded ramification, is tannakian. 

Proof. Of course (ii) follows from (i). To show assertion (i) for F 0a F', since we know a priori 
that ^^(giAF' is piecewise linear, continuous and convex (proposition 4.1.8), it suffices to provide 
a rough estimate on the rate of growth of the latter mapping, in terms of 5f and Sp'. However, 
for given r e let 

Fr = Fr{i) e F,(7i) e • • • e f,(7„) and f; = f;(i) e f;{^[) ® • • • e f;.{^'j 

be the break decompositions of the stalks of F and F' over the point ri{r). We set : 
Xi := lengthy Fr(7i) Xi := — log7j^ for every i <n 

and 

A^- := lengthAF^'(7p yj := - hg^f for every j < m. 

Clearly {F ®a F')ri{r) = ®i,iFr{li) ®k -^r(7j)' ^^^^ using (4.1.11) and lemma 4.1.17 we arrive 
at the inequality : 

^F^i^F'i-^ogr) < ^XiUj ■ max{Xi, X'j) < (rkA^) • (rkA^') • max((5F(- logr), logr)) 

as required. A similar argument takes care of JifomA{F, F') and concludes the proof of the 
theorem. □ 

Example 4.2.3. Choose a coordinate T on K]^, (so that = Spec K\T]), and for every 
m e N, denote by : ^ the morphism such that f^{T) = T"*. The restriction of 
to Qm^K '■= Spec K\T, T~^] is a torsor in the etale topology of Qm^K for the group fx^ C , 
hence the analytification is a /i„j-torsor in the etale topology of G'^j^. For every character 
X '■ Hm — A^, we let ^(x) be the locally free rank one A-module on D(l)|j which is induced, 
via X, by the restriction of the torsor f^. Let n < m be the order of x (i-e. the smallest k 
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such that is the trivial character), and denote by /i a chosen generator of It follows from 
[31,Ex.8.8]that: 

s\N\j(f(x),f'^) — for every r e F^. 

Especially, ^(x) is a A-module with bounded ramification. Moreover, if x is not trivial, the 
(unique) break of ^{x) equals |1 — /x| for every r e F^. 

Example 4.2.4. Keep the notation of example 4.2.3, and let : 

D(l-) := y ©(r). 
rer+\{i} 

The morphism : 

log : D(l-) ^ (A]^)^ such that log*(r) = ^ ^ — 

n=l ^ 

is a torsor in the etale topology of {A]^)^^ for the constant group (see [31, Lemma 9.4] or 
[42, Lemma 6.1.1]). We denote by =Sf the locally free A-module on {A.]^)lf which is induced 
by this torsor via the inclusion (4.1.1). The sheaf has been studied at length in [42]. For 
instance, one can show that for any two morphisms 0, ^ : (A);^)^*^ — > (A)^ )^'^, there exists a 
natural isomorphism : 

(4.2.5) {(f)*^) ®a{^I^*^)^{(I> + ^)*^ 

where + is the addition of and t/j, regarded as sections of the structure sheaf of (A^)^'^. 

Let g : Grn,K A^ be the morphism such that g*{T) — T~^, and for every q E Q>o, let 
(m, n) e be the unique pair of relatively prime integers such that q — n/m; we set : 

where /,„ and /„ are defined as in example 4.2.3. The following lemma 4.2.6 shows that the 
sheaves ^(g)|D(i)* have bounded ramification. 

Lemma 4.2.6. Let q G Q>o, and write q = n/m, with n,m E N and (n, m) — 1; moreover, 

write n = p"'N, m = p'^M, with a.b > and {N,p) = {M,p) = 1 (of course, either a = 
orb = 0). Set A := and I := lengthy A. The following holds (notice that 5^[q){p) is 

defined for every p e log Vk ) ■' 

(i) ^ is the unique continuous piecewise linear function such that : 

(a) = whenever p < q~^\ogX. 

(b) The right slope of5^(^g) equals : 

• IN on the interval [q~^ log A, q^^ log |l/_p||) H logFi<-; 

• Ip'N on the interval [jq~^ log (j + 1)^'"^ log \ \/p\)P[\ogVK, for every 
J = 1, . . . , a - L 

• In on the half-line [aq~^ log | , +oo) fl log F^. 

(ii) sw^(^(g),0+) = In. 

(iii) For every q e Q>o, the sheaf .5!f{q)\o{i)* is indecomposable in the category of locally 
free A-modules on D(l)|^. 

(iv) More precisely, for every r e F^, letTri{r)^^ be the unique p-Sylow subgroup of ni{r). 
Set: 

- \ X-'/i ifb = 0. 

Then, for every r < tq, the stalk ^{q)r is an indecomposable K[Ki{r)'^P^]-module 
(notation of (4.1.15)); especially, ^{q)r has a unique break (3{q, r). 
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(v) Suppose that a = b = 0. Then : 

r« ■ (1 - • A • for r < X'^/i 

1 otherwise. 

Proof. Without loss of generality, we may assume that A is a field, hence / = 1. Notice that ^ 
is trivial on the disc D(A~) := Ur<A hence : 

Sjc{i)ip) = whenever p < log A. 

In view of proposition 4.1.8, 5^(1) is then completely determined, once we know its right de- 
rivative sw''(.if (1), •). However, [31, Lemma 9.4] shows that : 

sw''(^(l), r^) = 1 whenever r < A~^ 

which gives (i), for g = 1. Suppose now that n — p°'N > 1 is an integer, and set P :— p"; 
according to [31, Ex.8.8(i)], we have : 

svj\^{n),r~^) = s\N\fk*^{n),r"'~^) for every r ^Tk and every A; e N 

which translates as the identity : 

(4.2.7) ^^(p+) = (fcp+) foj. gygj^ p g log and every keN. 

We shall apply (4.2.7) with k — n, so we need to calculate the conductor of fn*^{n). The 
projection formula yields : 

/„,^(n):^^(l)®A/,,A. 

Claim 4.2.8. There is a natural isomorphism : 

/„*A ~ /jv*A (g)A /p*A. 

Proof of the claim. The morphism /„ induces an inclusion of fundamental groups (f) : H :— 
7ri(Gm,X! ^ G := 7ri(Gm,x, fn{^')) (for any choice of a geometric point x) whose image is 
a normal subgroup with cokernel isomorphic to l^jnL. The constant sheaf A on Qsm^K corre- 
sponds to the trivial representation of B., and /„*A is the induction of this representation along 
the inclusion 0. Likewise we may describe /Ar*A and /p*A. However : 

A ®A[//] A[G] ~ ^\GIE\ = A[Z/nZ] 

so /n*A is also the induction of the trivial representation of the trivial group {0}, along the 
inclusion {0} C Z/nZ, and likewise for /at* A and /p*A. So finally, the sought isomorphism 
boils down to the A-algebra isomorphism : A[Z/nZ] ~ A[Z/PZ] ® a A[Z/A^Z] . 

Since fipoo c A^, we have : 

where the sum runs over the P different characters of /Up C (notation of example 4.2.3). 
Thus, fn*^{n) decomposes as the direct sum of P terms of the form 

Let > 1 be the order of the character x; according to [31, Ex.8.8(ii)], the unique break of 
^(x)r is independent of r, and equals \p\^ • A. On the other hand, the unique break /9(r) of 
^{l)r can be computed from using proposition 4.1.8 : we get P{r) = 1 for r > A^^ 
and P{r) = r\ ■ {1 — e) for r < A~^. From (4.1.11) we deduce that the unique break of 
(^(1) Oa '^{x))r equals 1 for r > \p\^ and rA • (1 - e) for r < |pp'. Next, since {N,p) = 1, 
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the only possible break of the stalk {fN*-^)r equals 1, hence the stalks of -^(1) ®a ^^ix) 
^(x) have the same breaks. Consequently : 

.4 2 9) d5^^^){p+) ^ / forp< jlog|l/p| 

dt \ N otherwise 

Since Sf^^^i^n) = Sx^'^(^)' ^^^^^ion (i) for g = n follows from (4.2.7) (with k :— n) and 
(4.2.9). Finally, let q :— n/m, with n, m two relatively prime integers; in order to determine 
the right slope of it suffices to apply (4.2.7) with k := m. This completes the proof of (i). 

Assertion (ii) is an immediate consequence of (i); also (iii) follows directly from (iv), and 
(v) follows from (i) and (iv). Hence it remains only to show (iv) when A is a field, which we 
may assume to be algebraically closed. The assertion is obvious if q is an integer, since in that 
case ^{q)r has rank one. For the general case q = n/m, notice that the action of vri(s) (resp. 
7ri(s'")) on ^{n)s (resp. J!f{q)sm) factors through a finite quotient Hg (resp. Gg), and : 

^{q)sm ~ lndf^{n)s for every s e F^- 

The morphism is a torsor for the group /i^, and we have a natural identification Gg/Hg ~ 
/Lt^. We shall apply Mackey's irreducibility criterion (this is shown in [47, §7.4, Cor.] in 
case the base field has characteristic zero, but the result holds whenever the characteristic of 
the algebraically closed field A does not divide the order of G^; this latter condition is clearly 
fulfilled here). To this aim, we have to show that, for every fi e /x^ \ {1}, the conjugate 
representation (n)^ is not isomorphic to JSf (n)^. However, we have a natural identification : 

J^(n)^ ~ IJ,*J!f{n)s 

where jj, : Gm,K '■= SpecK[T,T~^] — > Gm,K is the morphism such that /x*(T) = ji ■ T. 
According to (4.2.5), we have a natural isomorphism : 

where g : Gm,K Gm,K is the morphism such that g*{T) = (1 — iJi~'^)T~^. Since is not 
trivial whenever r > A, it follows that {g*^)s is not trivial whenever |1 — • > A. 
However, // is a primitive p''-root of unity for some j = 1, . . . , 6, we have : 

= A - 

so in this case, {g*^)s is not trivial for s < \p\^^^^^^''\ If 6 = 0, then |1 — /i| = 1, and 
then {g*^)s is not trivial for s < A""^/". Letting r := s"*, we obtain the contention, in ei- 
ther case. As an immediate consequence, we see that ^{q)r admits a single break /3(g, r) for 
r < To; this break can be determined by evaluating logr), since the latter must equal 

— mlog/9(g, r)^ (lemma 4.1.17); we leave to the reader the elementary calculation. □ 

4.2.10. Let F be a locally free A-module on D(l)* with bounded ramification. We wish to 
define the breaks of F around the origin. Ideally, one would like to define a stalk F^(o) that 
captures the behaviour of F in arbitrarily small punctured open discs ©(e)* centered at the 
origin; then the sought breaks should be numerical invariants associated to this stalk. To make 
sense of this, one would like to complete somehow the sequence of points {'q{r) \ r e F^) with 
a limit point /^(O); however, such a limit point seems to elude the grasp of the formalism of adic 
spaces, hence we have to proceed in a rather more indirect fashion. But the ideal picture should 
be kept in mind, as it motivates much of what we are trying to do in the remainder of this work. 
To begin with, for given r, a e F^ we set : 



(4.2.11) 
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where 1 = PQ{r) > ■ ■ ■ > /3„(r) are the breaks of Fr, so that we have the break decomposition 
(4. 1.16). Say that rkAF = d and — log r — p;v^Q consider the unique sequence of real numbers: 

(4.2.12) 0</i(p)</2(p)<---</d(p) 

in which, for every (3 e F^, the value — log (3 appears with multiplicity equal to rkA-F^ 

Lemma 4.2.13. The functions fi, . . . , extend to piecewise linear continuous maps M>o — > 
R>o. 

Proof. Using lemma 4.1.18, we deduce already that fi,---,fd extend to continuous, linear 
functions on every small segment of the form [— log r, — log r'). 

It remains to show that for every p > there is some small segment (p', p] on which the 
functions f are continuous. To this aim, we remark that all the considerations of (4.2.10) and 

(4.1.13) can be repeated for the family of stalks F^'(r) (instead of := -F^(r)). We obtain in 
this way a break decomposition -F^'(r)(5o) © • • • © Fri'(r){Si) for F^'(r-), and we may define the 
submodules F^,^^^{a) for every a e Fj, just as in (4.2.11). Using the ranks of the modules 

-^V(r)('^)' "^^y filially construct a non-decreasing sequence < f[{p) < /2(p) < • • • < 
f'j{p) analogous to (4.2.12). Making use of (3.3.37) (rather than theorem 3.3.29), one can then 
show the analogue of lemma 4.1.18 which expresses the continuity of the breaks 5i; from the 
latter, we see that the functions // are continuous on segments of the form (p', p]. To conclude 
it suffices to show that fi = // for every i < d. This boils down to the following : 

Claim 4.2.14. F^,^^^{a) ~ F^{a) for every a < 1. 

Proof of the claim. We do not only assert the existence of an isomorphism in the category 
A-Mod, but more precisely, that the two modules are equivariantly isomorphic, in the following 
sense. Say that r e (a, b) for some a, 6 e F^, and pick a Galois etale covering / : X — > D(a, b) 
that trivializes F|D(a,b); choose also points x, x' lying over repectively r}{r) and r]'{r), such that 
x" — We shall use the ramification filtration (P^ | 7 e Fj) of St"^, given by definition 

3.3.38. According to proposition 3.3.39, the p-Sylow subgroup Stx^^'' is naturally a subgroup 
of St^i^ and St^^, and the claim amounts to a S'ii^^-equivariant identification of F^/(^^){oi) and 
F^a). 

Proceeding as in (4.1.13), we replace the lower-numbering indexing by the upper-numbering 
(P^7 I ^ e F+). Say that (P^ | 7 e F+) (resp. (Q^ | 7 e F+)) is the upper-numbering 
ramification filtration for Stx (resp. for Stx')- Then proposition 3.3.39 yields the identities : 

(4.2.15) U = P^'^ - y P^o for every 7 G F+ \ {1}. 

Recall that, by construction, for each (3 e {/3i(r), . . . , /3n(r)}, the direct summand Fr{P) is 
of the form ep ■ Fr, where e^j is a certain central idempotent in A[5'i^^]. Likewise, for every 
5 e {5i, . . ., 5i}, we have P^/(r)(5) = e'g ■ Pr?'(r) for a certain central idempotent e'g e A[St^^]. 
Then, by inspecting the definitions, we see that e/3 (resp. e'g) actually lies in the subring A[S'tx^^], 
whenever (3^ < 1 (resp. < 1). (Here S'i^^^ is the unique p-Sylow subgroup of t^..) Moreover, 
(4.2.15) leads to the identities : 

J] = J] for every /? G F+ \ {1}. 

This already shows the claim for a < 1. The case for a = 1 can similarly be dealt with, 
using (4.2.15) and the characterization (4.1.14) of the breaks : the details shall be left to the 
reader. □ 
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4.2.16. We shall denote by A(F) c M>o x M>o the union of the graphs of the functions 
fi,...,fd defined in (4.2.12). Let now {K' , \ ■ \') be an algebraically closed valued field ex- 
tension of {K, I'D whose value group is R>o {e.g. we can take a maximally complete field 
containing K). The given A-module F pulls back to a locally constant A-module F' on the adic 
space Xspai^: Spai^'. In view of lemma 3.3.8, we see that for every r e the breaks 

of F^. are the same as that of Fr, therefore the subset A(F') is none else than the topological 
closure of A(F). Hence for the considerations that follow we may replace K by K' and F by 
F' , and assume that Vk = K>o- Simple operations on F can be translated into corresponding 
changes for the subset A(F). For instance, for any s e \ {0}, let Hs : D(l)* D(l)* be 
the "shrinking" morphism such = s • We have {nlF)^ ~ ^n^ix) for every x e D(l)*, 

so that 

A(//:F) = (log \s\,0) + A{F) := R|o n {{x + log \s\,y) \ {x, y) e A(F)}. 
We are now ready to make the following : 

Definition 4.2.17. Assume that = R>o and let F be a locally constant and locally free 
A-module on ID)(l)|t of finite rank. Then the break function of F is the mapping : 

(3{F, •) : Q>o ^ M>o U {oo} 

defined by the rule : 

P{F, q) := ^^^^^ ■ sup {sw^F (8)a l^:^{q),0+) \ s e K+ \ {0}} for every q e Q>o. 

Remark 4.2.18. Suppose that F is the restriction of a sheaf F' of A-modules on (A}^ )|^, and 
consider the case g = 1 : the cohomology complex i?Fc(-F'//*j5f (1)) is none else than the stalk 
over the point s^^ E K = A]^{K) of the Fourier transform ^{F') of F, as defined in [42]. In 
view of the (analogue of the) Grothendieck-Ogg-Shafarevich formula (see [31, Th.10.2]), we 
see that the function (3{F,1) essentially calculates the Euler-Poincare characteristic of ^{F) 
in a neighborhood of the point oo e This is the sort of quantities that appear in the 

method of stationary phase (see the introduction, §0.9), and indeed this sort of sheaf-theoretic 
harmonic analysis has motivated the definition of the function (3. 

For any rational number q, we define the denominator of q as the smallest positive integer n 
such that nq e Z. 

Theorem 4.2.19. Let F be as in definition A.lAl, and suppose moreover that F has bounded 

ramification. Then : 

(i) For every q G Q>o, /9(F, q) is a positive rational number, whose denominator divides 
the denominator ofq. 

(ii) P{F,q) > q • rkj^F for every q G Q>o, and the inequality is an equality for every 
sufficiently large q (so P{F, ■) is eventually linear). 

(iii) The break function l3{F, ■) is the restriction of a function ]R>o ]R>o which is convex, 
continuous, non-decreasing and piecewise linear whose slopes are integers. 

Proof. Without loss of generality, we may assume that A is a field. We begin by introducing 
some notation : we let S C Q be the subset of the numbers of the form n/m where n, m are 
relatively prime positive integers, such that (p, n) = (p, m) = 1. Also, for every s e and 
q eR, set 

c{q,s) := {p- l)"Mog|p| + glog|s|. 

By lemma 4.2.6(v), for any g G §, and every s e K^, the subset A(/x*.if (g)) is the graph of the 
function : 

p I— > b{q, p, s) :— max{0, qp — c{q, s)} for every p e M>o. 
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In the study of the "stalk over 77(0)", we are allowed to disregard the behaviour of our sheaf F 
outside any given punctured disc D(£)*, i.e. we may disregard the part of A(F) that lies in a 
vertical band of the form [0, c] x R; hence, let us define E(g) as the subset of all c(g, s) e IR 
such that 

A(/i:^(g)) n A(F) n ([g-^c(g, s), +00) x M) 

is a set whose cardinality is at most countable. Notice that M \ E(g) has at most countable 
cardinality; especially, S(g) is dense in IR, for every g e S. 

Let s e K'^ \ {0}, g e S, set =Sf' := //*.5f (g), and suppose that c(g, s) e S(g); this means 
that for every p > max(g~^c(g, s), 0) : 

• either {p,b{q,p,s)) ^ A(F), 

• or else the right and left slope of b{q, ■, s) at the point p are different from the slopes of 
each of the functions fi as in (4.2.12), such that fi{p) = b{q, p, s). 

However, say that p — — logr, let 7 be the unique break of =Sf/, and Pi,. . . ,/3k the finitely 
many breaks of F^; then by definition, A(F) n ({r} x R) consists of the values — log/3^ (for 
j — 1, . . . ,k), and — log 7^ = b{q, p, s). Furthermore, by theorem 3.3.29 and (3.3.37), the (right 
and left) slopes of the functions fi at the point p are none else than the values (3)^ (and likewise 
for the slope of s)). We conclude that 7 ^ . . . Pk}, and then (4.1.11) implies that the 
breaks of [F ®a ■^')r are the values 

(4.2.20) := min(7, /3,) for j = 1, . . . , k. 
Moreover, let 

M(/3i) © ■ ■ ■ © M{Pk) M\P[) © ■ ■ ■ © M'(/3j;) 
be the break decompositions of Fj. and respectively (F ®k ■^')r\ then : 

(4.2.21) rkAM'(/3^.) = rkAjSf (g) • rkAM(/3j) for every j < k. 

Set d :— rkA-F; combining lemma 4.2.6(iii), (4.2.20) and (4.2.21) we arrive at the identity : 

d 

Sf^j,^'(p) = rkA-$f (g) ■ max(/j(p), b{q, p,s)). 

i=l 

Notice that, since fi > for every i < d, the foregoing identity persists also for p < q^^c{q, s). 
Recall also that these functions fi are continuous and piecewise linear (lemma 4.2.13). This 
motivates the following : 

Claim 4.2.22. For every q e M>o and c G M, consider the function 

d 

fq^^ : R>o M>o p ^ J^max(/j(p), qp-c). 

i=l 

Then : 

(i) fq,c is continuous, convex and piecewise linear. 

(ii) The (right and left) slopes of c are of the form qa + b, where a E {0,1, ... , d}, b E Z. 

(iii) Moreover, fq^c is eventually linear (i.e. of the form p px + y for every sufficiently 
large p). 

(iv) More precisely, if g e Q>o, then for every sufficiently large p E M>o the left and right 
slope of fq^c coincide, and their common value is a rational number whose denominator 
divides the denominator of q. 

(v) For every p E M>o, the function M>o — > M>o : q ^ fq,c{p) is non-decreasing, convex, 
continuous and piecewise linear. 
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Proof of the claim. By construction, the function rkA-2'(g) • /g,c is the mapping 5f(^j^^', when- 
ever e S, J^' = iJL*^{q) and c = c(gf, s) e Hence, for c e convexity and 
continuity (and piecewise linearity) of c follow from proposition 4.1.8. Now, if c and c' are 
any two positive real numbers, it is clear that : 

|/g,c(p) - /<7,c'(p) I < g ■ |c - c'l for every p e M>o. 

Since S(g) is dense in M, it follows easily that /g c is convex and continuous for every c G M. 
Similarly, for q, q' e M>o, we may bound the difference |/q^c — fq',c\ in terms of \q — q'\, on 
every bounded subset of ]R>o; since S is dense in M>o, we deduce continuity and convexity of 
/q,c for every q e M>o and c e IR. Next, for given :— — logro > 0, let . . . , /3fc be the 
breaks of F^.^, so that we have the break decomposition Fr^ = Fra{Pi) © ■ ■ ■ © Frf^{(3k)- Set 
rrij := rkAFry{l3j) for every j < k. We may find a segment [po, Pi], and for every i < d, an 
integer ji < k such that : 

fi{p) = fiipo) + {p - Po) ■ PI for every p e [po, Pi] • 
It follows easily that there exists p2 G (po; Pi] such that : 

(4.2.23) /y,c(p) = (qa + b)- p + c for every p G [po, P2] 
where a :— max{i < d \ — log Pj. < {qpo — c) + qe} (notation of (2.2.15)), and : 

k k 

b := ^oP] C ■.= ca + Y, ^APj - P^P))- 

j>ja j>ja 

This shows the piecewise linearity of fq^c- We deduce as well that b E Z, since each term rrijPj 
is the Swan conductor of the Galois module Frg{l3j) (denoted a{Frg{/3j)) in [31, §8]). 

This shows that (i) and (ii) hold. Moreover, (4.2.23) also easily implies (v). Assertion (iii) 
is already known for every pair (g, c) with g G S and c G (theorem 4.2.2(i)). Next, if 
c' G M is arbitrary, since the distance between fg^c and fq^c' is bounded, and fq^c' is convex and 
piecewise linear, it is easy to deduce that fq^c' is also eventually linear. Finally, if q' < q is 
any positive real number, it is clear that /g/ c' < /q,c'; since /^ c' is eventually linear and fqi^c' 
is convex, it follows that right derivative p t-^ dfqi c'/d,t{p^) is non-decreasing and bounded; 
but from (ii) we see that the set of possible slopes for fqi^' does not admit accumulation points, 
hence the right derivative of fqi^c' must be eventually constant. This concludes the proof of (iii). 

Assertion (iv) is clear from (ii). 

Claim 4.2.22(iii) says that, for every q G R>o and c G R, the limit : 

(4.2.24) s{q) := lim fqMIP 

exists and is a rational number independent of c, whose denominator divides the denominator 
of q. Now, suppose g G S, c G S(g) and c' > c is some real number; one sees easily that 

sw^F ©A pl^{q),r+) > sw^F ©a pl,^{q),r+) 

for every r G (0, 1] and every s, s' G with log |s| = c and log \s'\ = c'. It follows that 

(3{F, q) = sup{sw^(F ©A p*s^{q), 0+) | s G K+ and log \s\ G E(g)} = s{q) 

for every g G S. 

Claim 4.2.25. The function Q>o — > R : g 1-^ /3(F, q) is non-decreasing. 

Proof of the claim. It suffices to show that, if q' < q < q" with g', q" G S and g G Q, then 
P{F,q') < l3{F,q) < l3{F,q"). However, choose s' e K+ \ {0} such that c{q',s') G S(g'); 
from lemma 4.2.6 we see that there exists po G M such that A(=Sf (g)) fi ([po, +00) x R>o) is the 
graph of a linear map. We may then find s G such that \s\ < \s'\ andsuchthat A(p*,if (g))n 
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([po,+oo) X M>o) n A(F) is a countable subset. Since A(/i*if(g)) lies above A(/i*,^(g')) 
in the region [po,+oo) x ]R>o, an argument as in the foregoing shows that SF^^*jc(q){p) > 
8F(g,ii*,^(q>){p) for p > po. But since q' G §, we have seen that the slope of SFis,n*,^{q') equals 
/3{F, q'), hence q) > j3{F, q'), as required. The proof of the other inequality is similar, and 
shall be left to the reader. 

From claim 4.2.22(v) we deduce that s is a non-decreasing function. Since s and (3{F,-) agree 
on the dense subset S, they must coincide for all q e Q>o. Combining with claim 4.2.22(iv), 
this proves assertion (i). 

(ii) : From the definition of /^ c, it is obvious that /g,o(p) > QP ■ ^^aF for every p E M>o, 
hence s(g) > q ■ Tk/>^F. Furthermore, since Ylt^i /i(p) = ^f(p) is a convex function which is 
eventually linear of slope go ■= sw^(F, 0+), one sees easily that there exists c G M such that : 

fiip) < qoP + c for every p G ]R>o and every i < d. 

Hence /g,o(p) = QP ■ ^^aF for every q > qQ, provided p is large enough. Consequently s{q) — 
q ■ rk\F for every q > qo, so (ii) holds. 

(iii) : Claim 4.2.22(v) implies that the function q ^ s{q) is convex and non-decreasing. Next, 
if q.q' are any two positive real numbers, it is clear that \ s{q) — s{q')\ < d-\q~q'\, so the mapping 
s is also continuous. Moreover, the convexity of s implies that the right derivative ds/dt{p'^) 
exists for every p G ]R>o and is non-decreasing, and s is a primitive of its right derivative. 

Claim 4.2.26. ds/dt{p+) G Z for every p G Q. 

Proof of the claim. Write p — a/b with relatively prime positive integers a, b. By definition, we 
have : 

(4.2.27) |(,.)=^U,j,^fe,.{,,(p+i-)_,(p, 

Now, if we let n run over the positive integers, the right-hand side of (4.2.27) is the limit of a 
sequence of integers, since the denominators of both (p -|- l/{bn)) and s{p) divide bn. 

We deduce from claim 4.2.26 that the right derivative of s is a non-decreasing step function 
(constant on segments of the form [a, b)). Hence s is piecewise linear with integral slopes, 
which concludes the proof of (iii) and of the theorem. □ 

4.2.28. Let F be as in theorem 4.2.19. The idea is that the graph of f3{F, •) should be the 
Newton polygon associated to the sought break decomposition of the stalk Fq of F over the 
missing point ^^(O) (see (4.2.10)). According to this picture, the breaks of Fq are the values 
qi G M>o such that ds/dt{q~) ^ ds/dt{q'^) (where s is defined as in (4.2.24)); naturally we call 
these the break points of •). The first observation is that there are only finitely many break 
points, and all of them are rational; indeed, this is a straightforward consequence of theorem 
4.2.19. Let < gi < g2 < • • ■ < be these break points, and set go '■= 0. Since •) is 
piecewise linear and non-negative, we may find unique po, pi, ■ ■ ■ , Pn > ^ such that : 

n 

(4.2.29) f3{F, q) = Y, f'J ' niax(g,-, g) for every q G Q>o. 

j=0 

Indeed, by deriving both sides of (4.2.29), we find : 

dP{F,q) 



(4.2.30) 



dq 



for every j <n. 



i=<it 



And since j3{F, ■) has integer slopes (theorem 4.2.19(iii)), we deduce that pj G N for every 
j < n. For every j < n, the integer pj should be nothing else than the rank of the direct factor 
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of Fo which is pure of break qj. This is borne out by the identity : 

n 
3=0 

which holds, since P{F, ■) is eventually linear of slope rkA-F (theorem 4.2.19(ii)). For this 
reason, we shall say that /Xj is the multiplicity of the break qi, for every i = 0, . . . , n. Now, let : 

< Ti < T2 < • • • < Td 

be the unique sequence of rational numbers in which the value qi appears with multiplicity //j, 
for every i = 0, . . . , n. We have : 

Theorem 4.2.31. Keep the notation of (4.2.28), and let d :— rk\F. Then there exist po > 0, 
and real numbers Ci,C2, ■ ■ ■ ,04 such that : 

fi{p) — Ti • p + Ci for every p > po and every i — 1, . . . ,d 

where fi, f2, ■ ■ ■ , fd '■ ^>o ^>o are defined as in (4.2.12). 

Proof. Recall (claim 4.2.22) that fqfl{p) '■— Yli=i ^^^{fi{p)j QP) for every p e M>o. For every 
p, y e lR>o, let us set : 

:= {i e N I 1 < i < d and < y} 7V^,, := Up,y 

(where, as usual, for any set /, we denote by the cardinality of /). Let q' > qhe any two real 
numbers; we may compute : 

fq',o{p) - fqfiiP) = Q'pNp,q'p " QPNp,qp " Yl ^'^P^ ^^"^ ^^^"^ 

ieJ 

where : 

J:={ieN|l<i<ci and qp < fi{p) < q'p}. 

It follows easily that : 

(4.2.32) g{q, q', p) := ^"'''[^ I ^'f^^ ^ [Np,qp, N,,,,,] for every p > 0. 

Now, let f/ > be any real number which is not a break point for ■); let G {0, 1, . . . , n} be 
the largest integer such that < q. Ifk = n,setg„_|_i := so that in any case g G (qk^Qk+i)- 
We notice that the function s defined as in (4.2.24) is linear on the interval [qk, qk+i], since the 
proof of theorem 4.2.19 shows that s agrees with /3(F, •) on Q>o. Especially : 

dP{F,q) 



lim g{q,qk+i,p)^ lim g{qk,q,p) , 
p-^+00 p-^+00 dq . 

But recall that the slopes of /3{F, ■) are integers; therefore, combining with (4.2.32) we deduce : 
(4.2.33) 



dq 



,<lkP^ ^P,<lp\ [-^P,9P' ^P,<lk+lP ] = {Np,qp} for all large p. 

<i=it 

The meaning of (4.2.33) is that, if q is not a break, then the points fi{p)) tend to "move 
away" from the line {{x, y) \ qx = y}\ indeed, (4.2.33) shows that if q' G {qk, q) is any other 
real number, then Ip^qp — Ip,qip provided p is large enough. Fix any £ > such that : 

2e < min{gfc+i - gfc | /c = 0, . . . , n - 1} 

and set : 

Jk{p) ■■= IpMk+e)p \ IpMu-e)p for every A; < n and every p > 0. 
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Notice that, since the functions fi are continuous (lemma 4.2.13), each set Jfc(p) will be even- 
tually independent of p (i.e. for large values of p), and we shall therefore denote it simply by 
Jjfc. Summing up, so far we have exhibited a natural partition : 

{1, 2, . . . , 4 = Jo n Ji n • • • n j„ 

such that, for every k < d, the values Tfc(p) := {(p, fi{p)) \ i G Jk} "cluster" around a straight 
line of slope qk- Explicitly, for every e > and for every large p, the points of Tfc(p) lie in the 
cone Cs{k) := {{x,y) E M^g I Iv/^ ~ 9k\ < Next we show that, for every large p, the 
set Tfc(p) actually lies in a band of slope and fixed bounded width. To this aim, for every 
k — 0,1, . . . ,n and every c e R, set : 

hk{p) ■■= fi^P) K,c{p) ■= Yl ^^^(Mp)^ ^kp - c) for every p e M>o. 

Claim 4.2.34. (i) For every k < n the following holds : 

(i) the functions hk and h*^ ^ are eventually linear. 

(ii) pk = i^k- 

(iii) lim hk{p) / p ^ qkPk ^ lim hl^{p)/p. 

p— >+oo p— »+oo ' 

Proof of the claim. Suppose q G {qk, qk+i)- We can then write : 

n 

fqfi{p) = ?P • X] t^"^* + Y ^t^P^ ^^^^ sufficiently large p. 

t<k t=k+l 

Since the function /y,o(p) is eventually linear, we deduce that, for every k < n, the sum 
Ylt=k+i ^* eventually linear, so the same holds for each term hf. Let C* := lim ht{p) / p. In 

p— »+oo 

view of (4.2.24) we deduce : 

n 

= ? • X] tt<^t + Y ^^^^ ^ ^ ^^=+1^ ^'^^ ^^^^ A; < n. 

t<fc t=fc+i 

Now suppose that q' E {q, qk+i)- Taking into account (4.2.30), we find : 
{q' -q)-J2Pt- ^(?') - ^(?) -{q'-q)-Yl P^ 

t<k j<k 

from which (ii) follows easily, arguing by induction on k. Finally, on the one hand we know 
that hk is eventually linear; on the other hand, for every e > 0, each of its summands fi (for 
i e Jk) is eventually contained in the cone Ce{k), so assertion (iii) for hk follows easily from 
(ii). Next, we look at the identity : 

n 

fquAp) = i<lkP - C) • + Y ^tiP) + ^fe,c(P) 

t<k t=k+l 

which holds for every k < n and every large enough p, in view of (ii). Since /g^. o and 
hk+i, . . . ,hn are eventually linear functions, we see that the same holds for /i^^, for every 
k < n. This shows (i), and also the remaining assertion (iii) for h^. follows easily. 

We now fix /c e {0, 1, . . . , n}, and write just q, p J, h and /i* instead of qk, Pk-, Jk', hk, h*^^^. 
Claim 4.2.35. For every i E J, the function 

P ^ \ fi{p) - (1P\ 

is bounded. 
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Proof of the claim. It follows easily from claim 4.2.34 that both ftinctions : 

J^{max(/i(p), qp) - qp} and ^{max(/i(p), qp) - fi{p)} 
ieJ ieJ 

are eventually constant. Since these summands are always non-negative, we deduce that, for 
every i e J, the terms : 

max(/i(p), qp) - qp and max(/i(p), qp) - fi{p) 

are bounded, which is the claim. 

Claim 4.2.36. For every i e J there exists e R such that : 

lim fi{p) -qp^Ui. 

Proof of the claim. Say that J = {io, . . . , io + — 1}. We prove, by induction on t, that ajg+j 
with the desired property exists for every t < p. For t < 0, there is nothing to prove. Next, 
suppose that t >0 and that the assertion is already known for every integer < we set : 

io+fi—l io+p—1 

dip) Yl f^ip) 3*c{p) — X] max(/j(p), qp - c) for every p e M>o and c e R. 

i=i(i+t i=iQ+t 

Using the inductive assumption, and claim 4.2.34, we see that there exists C e M with : 

(4.2.37) lim g{p) - pq{p -t)^C. 

Set: 

a lim inf fio+t{p) - QP b :^ lim sup fio+t{p) - qp- 

p-^+oo p^+oo 

Notice that : 

(4.2.38) a > ai„,...,aio+t_i 

since fi < fi^i for every i — 1, . . . ,d — 1. Suppose a < b, pick x e (a, b) and set c := —x; in 
view of (4.2.38), we have : 

Kip) — ^{QP ~ c) + gl{p) for every large enough p. 

Then claim 4.2.34 implies that g* is eventually linear of slope q{p—t). Combining with (4.2.37), 
we deduce that there exists C" e M such that : 

(4.2.39) lim g:{p)-g{p)^C'. 

p—^+0O 

However, due to our choice of x, for every p > and every £ > we may find p', p" > p such 
that : 

9*{p') = 9{p') and g*{p") - g{p") >x-a + e 

which contradicts (4.2.39). Hence a = b, and the common value is a real number, due to claim 
4.2.35. This concludes the inductive step. 

To conclude the proof of the theorem, we shall show that the function is eventually 
linear, whenever io + t e J = {io, . . . , io + p — 1}. We shall proceed by induction on t. If 
t < 0, there is nothing to prove. Hence, suppose that the assertion is known for every integer 
< t. Set a := ai^+t, where ajg, . . . , ajg+^-i are the real numbers whose existence is ensured by 
claim 4.2.36. Let J(a) := {i E .J \ ai = a}; we shall show simultaneously that all the functions 
fi with i e J (a) are eventually linear, hence we may suppose that io+t is the smallest element of 
J (a). In this case, using the inductive assumption and claim 4.2.34, we see that both functions 
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g and g*_^ introduced in the proof of claim 4.2.36 are eventually linear. Moreover, it is also clear 
that : 

lim g*_^{p) - g{p) = 0. 

It follows that = glaip) for every large enough p, hence 

(4.2.40) fi{p) > qp + a for every i E J (a) and every large p. 

On the other hand, let ii be the largest element of J (a) ; if ii < io + — 1, choose b e (a, Oij+i) ; 
otherwise, set 6 := a,^ + 1. In either case, we may write : 

h*_h (p) ^ii{qp + b) + '^fi (p) for every large enough p. 

i>il 

Hence Y.i>ii fi eventually hnear, and therefore the same holds for g - Yji>n fi = SieJ(a) /»• 
Clearly : 

lim V - gp- a) = 0. 

ieJ(a) 

Combining with (4.2.40), we deduce the contention. □ 

4.2.41. Let (Fq, <) be the abelian group Q x T^, endowed with the ordering such that : 

c) < (g', c') if and only if either q' < qor else q — q' and c < c'. 

(This is the lexicographic ordering, except that the ordering on Q is the reverse of the usual 
one.) For given r e F+, let F^ be the value group of the valuation | • The mapping : 

Fo ^ Q ®z F, : {q, c) ^ c • r« • (1 - eY 

is an isomorphism of groups which does not respect the orderings (indeed, the ordering on Fq 
induced by this isomorphism is also lexicographic, but the two factors Q and F^ are swapped). 
Nevertheless, we may interpret theorem 4.2.31, by saying that the "missing stalk Fq" admits a 
break decomposition which is naturally indexed by elements of Fq . More precisely, we have : 

Theorem 4.2.42. Let F be as in theorem 4.2.19. Then there exist tq e F^, a connected open 
subset U C D(l)* and a decomposition : 

F\u^ M{q,c) 

where each summand M{q, c) is a locally constant A-module on U^f such that : 

(i) U n B{e) ^ 0for every e e F^. 

(ii) For every r < ro, we have rji^r) G U and : 

M(g,c),(,)=F,(cT'' •(!-£)«). 

Proof. Set E :— Sndx{F), the sheaf of A-linear endomorphisms of F. We have to exhibit 
U C D(l)* fulfilling (i), and for each (g, c) e F(J", a projector tt e E{U) such that 

(Im7r),(,) = F,(cT^-(l-£)^). 

By theorem 4.231, we may find po > such that the functions fi are linear on the half-line 

[po, +oo); up to replacing po by a larger real number, we may achieve that, for every i,j < d, 
the graphs of the functions fi, fj are either disjoint or equal. Say that po = — logrp. The 
open subset U shall be constructed by removing from D(ro)* infinitely many closed discs. 
Indeed, suppose r < ro, and let /?i(r), . . . ,l3k{r) be the breaks of F,/, we may assume that 
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c • • (1 — e)^ = /3i(r). From our choice of po, it follows that Pi{rY = /3j{rY if and only if 
i — j;in other words, the decomposition (4.1.16) is the same as the decomposition 

aer+ 

(notation of (4.2.11)). Hence, the stalk contains a projector 7r^(r)b that cuts out the sum- 
mand Fr{(3i{r)). However, since F is locally constant on ©(l)!^. the same holds for E; espe- 
cially, E is overconvergent, in the sense of [30, Def.8.2.1]. Let : 

D(l)|, ^ D(l)* ^ D(l);.p 

be the natural morphisms of sites, where ©(1)* p denotes the topological space D(l)* endowed 
with its partially proper topology ([30, Def.8.1.3]). On the one hand, using [30, Prop. 1.5.4], we 
deduce that the natural map : 

is a bijection; on the other hand, according to [30, Prop.8. 1.4(a)], the counit of adjunction 
u*u^{Ijl^E) — > (ijl^E) is an isomorphism, hence also the natural map 

is bijective. Therefore, we may find a partially proper open neighborhood V C D(l)* of 77(r)^ 
and a section vry e E{V), such that (vrv ),^(,.)b = vr^(r)b. Since E is locally constant and tt^^^^^ = 
7r^(^)b , it follows that ny is a projector in E{V), and its stalk (7ry)^(j.) cuts out the direct summand 

F,(A(r)). 

Next, for every r' < r, let D(r', r~) := IJr'<s<r '^i''"': •s); by inspecting the proof of theorem 
3.3.29 we see that, provided r' is sufficiently close to r, there exists a decomposition : 

k 

F\n{r',r-) - 

i=i 

consisting of locally constant A-modules Gj on ©(r', r~)^t, such that : 

(Gj)^(s) = Fs{Pj{s)) for every j < k and every s E [r', r). 

Thus, we may find a unique projector 7re(r',r-) ^ E{]D){r', r^)) that cuts out the direct summand 
Gi. Finally, on the intersection V Pi D(r', r~), we must have vry = vr]D)(r',r-)> hence we obtain 
a section 7rw{r) of -E' on the open subset W{r) V U ©(r', r~). Up to removing some small 
closed subset, we may assume that W{r) is of the form D(r', r) \ (J™ ^ ]E(aj, pj), where E(aj, pj) 
denotes the closed disc with center G D(r, r) and radius pj < r. By a standard compactness 
argument, we see that there exists a sequence (r„ | n G N) of elements of Tk, with r„ < ro 
for every n G N, and lim„^_,_oor„ = 0, such that U := UneN^(^") contains the subset 
{r]{s) \ s E Tk; s <ro}. Clearly, this open subset U will do. □ 
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